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SIMPLE INTEREST 
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Study of the solution of the numerical problem just given 
deu'ly shows that the amount of $1 for the given time was first 
found by adding to $1 the product of the rate of interest and the 
f.iTne expressed as the fraction of a year. This amount of $1 was 
than multiplied by the number of dollars loaned, giving the total 
amount. Hence we may employ the lit^al qnoabols and write: 


S = P(1 + to) 

Moreover, we saw that the simple interest for the term 
amount less the principal, or, in symbols : 

/ = S - P = P(1 + nO - P = Pm 


[II] 


[ 1 . 2 ] 


These two formulas enable us to solve any problem in simple 
interest. It should be noted that there are five different quantities 
involved in these two formulas. Hence it is possible to find the 
value of fuiy two of these quantities as soon as the values of three 
of them are known. 

The letter n is defined as representing the time for whidi 
interest is to be computed repressed as a fraction of a year. The 
dmomiuator of this fraction is a year expressed as days and the 
nume rator is the numb^ of days in the interest term. Taking 
365 days to the year gives a slightly less simple fraction with which 
to compute than taking 360, or 12 months of 30 days each. For 
that reason the custom grew of using the less accurate but more 
convenient fraction with 360 as its denominator. This gives what 
is commonly called ordinary inUre^ but many institutions use the 
more accurate form and obtain exact interest. It would be logical 
to use with the denominator 360 the length of the term of interest 
found by countiug the number of entire months in it, multiplyin g 
by 30 to reduce this to days and finally adding the remaining days 
in the term. With the denominator 365 the exact number of daj^ 
in the term is used.* 

* Li this matter of computing time smne strange awrwymlipa sje to be found. 
Perhaps the most important of tiliese is the result of the following ruling of the 

board of the New York Stock Exchange: “CoifFOTaxiafK of 
hiterest at the rate specified in the bond dealt in ‘and interest’ 
shall be computed on the basis of a 360-day-year, i.e., each wJgnHay month 
shall be oomMered to be of 360 days or 30 days and each period from adate 
in one month to the same date in the following month ftholl be oonridered to 
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COMPOUND INTEREST 
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November 1, 1938? What principle does this wording of the problem bring 
into the foreground? 

4- Restate Ex. 1 so as to make it an evident illustration of the prin- 
ciple of amultaneity in all three of its parts. 

5. A man who had borrowed $1200 at 4 per cent found when he came to 

repay the loan that he owed $1208.10. How long a time did it take the $1200 
to become $1208.10? Ans. 2 months, 1 day 

6. Solve formula 1*1 for P, n and i respectively- Do the same for formula 


1 * 2 . 

7. EUminate t between the two formulas I • 1 and I -2 and solve the result- 
ing formula for each letter in it- Put the results into words. 

8. R e represents the exact number of days between two given dates and a 
lepiesents the approximate number of days computed by counting the months 
as having 30 days each, then express the exact, the ordinary, and the bankers’ 
rule interest on P dollars at the annual rate, i. 

9. Find the ordinary and the exact simple interest on $4560 from Janu- 
ary 7, 1934, to September 27, 1934, at 6 per cent, making use of the table 
groifig interest at 1 per cent on $1000 (see Table XI)* 

10. Work Ex. 9 independently of the table and compare the difficulty of 
the two solutions- 

11. In computing the ^cact interest called for in Ex. 1, is August 4, 1938, 
counted as one day of the interest period? Is November 12, 1938? Will these 
same answers apply when computing the time for the ordinary interest? 
For banker’s rule interest? 

12. How long will it be necessary to keep $600 loaned out at ordinary 
simple interest at 3 per cent to have it accumulate to $606? 

13. If money can be loaned in Middlebuiy at simple interest at 4 per cent 
ordinary interest, to what sum would $500 on May 9, 1938, be equivalent on 
October 16, 1938? What principle does the wording of this problem bring 
into the for^round? 


§ 2. Compound interest. Money at work is like man at work 
in that it produces value by its labors. Oftentimes its labor is 
seasonal with a period of stagnation between seasons. When 
money is borrowed for seasonal labor it is usually borrowed for a 
few months, and when the fruits of its labor are harvested the 
borrower pays back the loan together with a part of this harvest 
as simple interest on the loim. Hus is perfectly fair for t-bifi type 
of loan. 

But when Mr. Smith borrows money from Mr. Brown and 
uses it to labor for him over something from which he gathers his 
harvest of value once per year it is only fair that he should pay Mr. 
Brown inters once per year, or if he continues to use Brown’s 
money for a longer time he should, at the end of each year, add 
the interest earned during that year to the ori^nal borrowing and 
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jM ^ This gave the sum of money at '^e be ginnin g which 
TFOtild to a gven sum. S, if put at a n n ua lly compounded 

inteiest at rate i for n years. In other words, ^ven a sum of 
money at interest at a pven compound-interest rate the sum 
equivalent to it at any pretrious time can be found by multiplying 

iliis sum, 5, by Verity this by solving formula 1*3 for 

fl + V 1 

If the fraction in this result, 


P, 


replaced by 


(1 -Hi)* 

is gtyen the broader definition of being the present or the previous 
value of & we have a vray useful formula: 


P — StP (See 


n«\ 


hy 





h Uie equivalent value of a sum of money at compound 
can be computed for any previous time, n years before the 
f the value S. The quantity, v, is called the discount factor 
evid^tly defined by the equation: 


1 


1 


V 


a + i) 



[1.9] 




Combining Sevmal Transactions. Frequmitiy when two 
are conducting bueiness with each other over a period 






it become desirable to combine a series of transenons of 
dates and strike a balance so that by a sin^e transaction 
pp,y dmpfity their finandal rdations. Consider the follow- 





Brown made Smltii the followiDg loans: January 20, 1936, 

^ -w ^ ■ 

IISBOat 5 per cent MnnnsJly compounded interest for 5 years; January 20, 
^ ^600 for 6 years at 4 per omt semianniially campounded interest, 
tinuth or Brown can now hire money in the open market at 3|^ 

(a) If 62384.89 paid by Smith now will in fairness 
Brovm and Smith cancel both debts what is tiie present date? 









inhat sum would equitably balance both these ddbts on January 20, 



SonirecOrr. (a) The amount of the first ddit at maturity, January 20, 



P 

IS 




600 X 1.27^1 »» 6638.14 


Tie amoiud id the second debt at its maturity, Jan. 20, 1944, u 

» 1600 X 1J2682418 - 62029.19 




d 4 
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FOUNDATIONS OF FINANCE 


2. A KonVcr invests $10,000 in discoimting a O-month note at a of 
B per cent and $ 10,000 in an interest loan on which the interest rate is also 
B per cent. How many dollars does he make in 6 months on each transactMmT 
Make a definite statement in comparison of the two transactions. 

3. Compare the interest rate earned by the discount transaction with that 

in the interest transaction in Ex. 2. , . j 

4 . Three notes, each for $1000, one due in 60 days, one due m 90 days, a^ 

one due in 6 months, are discounted for their fuU period at the same ^ly 
discount rate, 6 per cent. Find the proceeds of each the dis wunt on ea^. and 
the equivalent yearly simple-interest rate that would give the same return on 

gave Henry James his note for $3000 to be paid in 4 y^ 
with semiannually compounded interest at 6 per ^nt. James ^ ^ 

that he can discount the note at once at » WW 

rate on his money- What would be the highest rate of di^unt that he could 
pay and still make money on such a double loanmg traiMa^on? 

6 A man who had an unfortunate experience “ f 

loan decided never to loan his money where he could not at the ^ of 

6 months. He had been getting 5 per cent effective 

After another term of 5 years he found that his money co^be kept at mter^ 
in such shortr-term loans only 85 per cent ot tne ^e. 

must he get to make these loans as profitable as the oth^. . , _ . 

^ A Lan made two loans of $100 each. On the first he receiv^ 6 per ^ 

for the first 12 years and then lost the entire loan. On ^nd he receiv^ 
no mi^or 9 years and then 6 per cent for 4 and ^y fuE repayment 

loan. Which was the better of the two mvestmente? 


MISCEbLANEOtrS EXERCISES 

1. Find tbe quarterly compounded interest rate Uiat is eqi^^t^ 

th^U“d^S^aum .t^tater^at^eF.djrendeo. 6 perem.tt»wb.t 

-' f Il^.^rv ^'^Jded ntJ^'intemst dom a discount^ 
of 6 per cent for one year correspond. Is ^ 

4. The open-raaAet rate of Interest is * per sent 

4 . ine pen 4 without interest and the other is for 

are owed. One is ^ ?nt<are^ What lump sum now would disch arge 

$1000 due in 10 years without mterest. W P $2269.32 

both debte , , *2500 „ debts in Ex. 4 equitably? 

6. If the $2000 debt had been at mt«est to _,esent Mon 

effective and the $1000 at 3 per cent semiam^y P 

would then have b^n ^ala^^the account 2 yearn 

7. In Ex. 4 what sum would be lequned to oaiam* $a49ag0 

hence? 
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Now the acciimulation of $1 per year to the time of the last 
payment including the last pajunent is found as follows: the first 
pajnnent of $1, being paid at the end of the first year, is at interest 

— 1 ) j'ears and by formula 1*3 amounts to 1(1 + t) 
at the time of the last payment; the second yearly payment by 
the same reasoning amounts to (1 + and so on imtil the 

next to the last payment which has onl 3 ' a j'ear to run and amounts 
to _j_ while the last pajment is a cash pajment and equals 1. 
The sum of all these amoimts gives the amount of the annuity as 
sjj = (1 + + (i + 0”“^ + . - - + (1 + f) + 1, or in reverse 

order, 

SS = 1 + (1 + i) + (1 + ■)’' + ••• + (1 + + (1 + •)""* 

Note now that this series of terms forms a geometric progression 
with its first term 1, its common ratio (1 + t) and its number of 
terms n. The sum of a geometric progression is the first term 
times the common ratio raised to the nth power less the first term 
and divided by one less than the common ratio. In this case, 
therefore, the sum is: 



(1 -f" f)" — I 

(1 + i) - 1 


(1 + i)" - 1 

t 


[n-1] 


This formula for the sum of the amoimts of n paj’ments, each 
accumulated to the time of the last paj'ment, maj' be considered 
as the fundamental formula of annuities. All the other needed 
relations of annuities can be obtained from it verj' simplj'. 

A dated- value graph of s;^,- may be made as follows: 



Fig. 7. A dated-value graph of the accumulation of a simple ann uity certain 

of §1 annual rent. 


Since sg, is the amount or accumulation of an annuity which 
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and many of these can be done with the necessary accuracy by the 

use of seven-place logarithm tables. 

As was the case in the compound interest formulas of Chapter I, 
when the interest in an annuity is compounded oftener than once 
a year the i in the formulas so far derived is replaced by its equiv- 
alent, (l + — ) — 1(1-7 and Ex. 1, p. 14), and the (1 + i) is 
\ m/ 

replaced by ( 1 4- — J (I • 7) and the resulting formulas reduced to 

a form that is best adapted to use with the tables. 

For nominal interest rates, formula II • 1 becomes : 



and formula II • 2 becomes 


1 

Ry: : X Si^L 

S^L m 


[n-7] 


The same process of backward transference for n years or mn 
periods at the nominal rate would necessitate multipl 3 'ing II -7 



Finally, the value, L, of the whole annuitj* at anj' time tx j’^eare 
before the beginning or ^2 J'cars after the end of the term of the 
annuity is 



= or L 



L = Ay 


[n-9] 
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EXERCISES 

1. A fanner moves to town and rents his farm for $500 per year for a 
period of 10 years, payable at the end of each 3"ear. He can earn 3^ per cent 
semiannuallj" compounded by putting his rent into the savings bank. To 

what will his rental amount at the end of the 10 years if he does this? 

Ans. $5874.01 

2. To what would this income from his farm amount in 20 years from the 
beginning of the term of the rental if kept in the bank as described in Ex. 1? 

Ans, $8310.42 

3. If the renter of the farm in Ex. 1 were to pa}’ his entire rent at the 
beginning of the 10 5’ears how much would he have to pay? 

4. A man promises to contribute $100 \*early for 10 \’ears to the Boy 
Scout organization. If he could have put his contributions at interest at 
5 per cent compounded quarterly to what sum would his gift amount in the 

10 3'ears? $1263.35 

5. At what effective interest rate will an annual annuit}' of $200 per 3'car 
accumulate to $5108.93 in 20 3'ears? 

6. Find the amount of an 8-3^ear annual annuit}’ of annual rent of $S00 if 
it is accumulated at a nominal rate of 4 per cent compounded quart erh". 

A 72^. $7387-26 

7. Find the purchase price of the above annuit}". Ans, $5372.79 

8. In w'hat time will an annual annuit}’ of $500 increase to $7958.58 at 

5 per cent? Ans, 12 3’ears 

9. Had the aimuity in Ex. 8 been accumulated at 4 per cent how long 
would it have taken to accumulate to the same amount? 

1 1 

10. Show that - — ■ — ■ — = 

11. Solve formula II -3 for R and decide which table will make the solution 
of a numerical problem easiest when all except R are known quantities. 

12. Suppose n were the imknown in formula II - 3, see if 3"ou could devise a 
method for sohing a numerical problem. 


Early in the chapter it was pointed out that the formula = 

(1 “h i )^ — 1 . 

: (11 -1), is the fundamental formula of annuities in 


that all the others could be derived from it. This is true and verj- 
helpful in getting the formulas. In stating problems and discuss- 
ing methods of solution another point of view is more helpful and 
time-saving. Note that there are two classes of formulas: those 
containing the factor s;^] and those containing the factor 

If we write these symbols thus without any indication of the 
interest rate and its method of compomiding it makes a general 
analysis easier to write, and when we approach the stage of actual 
computation we replace the indefinite sj'mbol or by the more 
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1 , A man ^ys $450 per year in advance as rent for a house* How expen- 
a house oonld he have bought had he bought in the beginning and amor- 


tbed his debt at 6 per cent effective with the rental money in 10 years? 

2- A boy's life was insured by his father when he was 10 years old, $1000 of 
insurance was secured for an annual premium of $16 per year paid in advance. 
At 50 the boy was alive and well and wondered to what sum of money his 
nremiums would have accumulated had he put them into a bank paying 
4 cent semiannually compounded instead of into the insurance. 

3 . If you had been that boy what arguments pro and con could you give 
for tl^ insurance instead of the investment? 

4 . By Ihe aid of the time-value gr^h show that (a) sjg 1 + 

0 )) = siqrii — 1 (c) Solve both (a) and (b) into forms use^ with tables. 

5. hr you were asked to compute the amount of an annuity due of $5000 per 

year for 5 years at 4 per cent effective, would you use formula 11*12, or would 
youmake use of the result of Ex. 4 (a) and use K = ^ 1)? 

6 . Compute the mnount of the annuity due in Ex. 5 by both methods. 

7. Compute the present value of this same annuity due by two different 
formulas. 

8 * a dated-value chart for formulas II - 10 and U-ll. 


§ 10. Deferred Armtiities. If the payments of an annuity are 
postponed for a term of years after its purchase it is called a 
duelled annuity. The symbol for the purchase price of mi n 
parent annuily of $1 per year deferred for m years is « | og and 
it is the purchase price of an annuity for m-\- n pajrments less the 
purdiase price of one for m payments. 

TO i ~ ®to+ 3| ” ®in| * ^^3 


Tl^ value of the purchase price of $1 multipUed by the annual 
roit ^ves the purchase price of a deferred annuity of any annual 
rent. The amount of a deferred annuity of n payments is prerisely 
the same as that of an annuity that not been deferred. 

An annuity due may be deferred also, but in this case the period 
of defezmrait is the number of years from the date of purchase to 
the date of the first payment instead of one year less than this, as 
in the case of a simple annuity certain. 

For the annuity due: 



CD 16] 


§ 11. Perpetuities. Frequently a library, museum or other 
public benefaction is accompanied by a sum of mon^ witli which 
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This gives the capitalized cost of an annually 


C = R + 


R 


R 


(^) 


R 

d 


rn-20] 


The capitalized cost of an r-interval perpetuity is given by: 


Cr 


+ X- X — 

t sfu 




[n‘2i] 


EXERCISES 


1. Gompaie what has been said about capitalized cost with what has been 
said idK>ut the cost of an annuity due and see if you can devise and justify an 
alternative name for capitalized cost that will show the relationship between it 
and the annuity due. 

2. What is the purchase price of a perpetuity of $2000 if interest is 4 per cent 

effective? Ans. $50,000 

3. Suppose that the payments of the perpetuity in Ex. 2 had been deferred 

5 years; what would have been the purchase price? Ans. $41,096.36 

4. A bridge with an estimated life of 40 years cost $40,000 to build. What 
sum must be set aside at the time of building to care for renewals in perpetuity 
if interest is at 4 per cent semiannually compounded? Ans. $10,321.40 

5. A street costs $12 per square yard to pave and the paving has an esti- 

mated life of 25 3 rears. Find the capitalized cost per square yard to keep this 
street paved if money earns 5 per cent. Ans. $17.03 

6. A wealthy man, wishing to give an endowed library as a memorial to 
his mother, called in an architect who estimated the costs as follows: to build, 
$100,000; for upkeep of building, $10,000 a year; for books and attendants, 
$12,000 yearly. If interest is at 3|^ per cent effective what sum must the man 
provide to finance the project? 

7. A man died leaving his $500,000 estate invested in a perpetuity paying 
5 per cent. His will provided that his widow should receive the entire income 
until she had received one-half of the entire estate; then the entire income was 
to go in perpetuity to a hospital in which he was interested. How long did his 
widow receive the income? Ans, 14 years and $5267.94 in the fifteenth year. 

8. {Starting with the relation — ^ — i show that 1 -|- 

im 

9. Make a dated-value chart of 11*18 and n*19. 


MISCELLANEOUS EXERCISES 

L An insurance company writes endowment policies which give the 
insured an option between cash i>ayment and an annuity. What anniml 
payment of a 10-year annuity would make it the equivalent to a cash payment 
(ff$1000atthematuring of its policy if interest is at 3|^ per cent? Ans. $120.24 
2. A bus ine ss block was leased for 99 years at an annual rental of $6000. 
What is the value at Hie time of signing the lease of the last 10 years of the 
rent if interest is at 3^? Ans. $2335.64 









CHAPTER in 


ANNinXIES PAID IN INSTALLMENTS 


§ 12. General Considerations. Rent paid monthly or weekly, 
dekness or accident benefits paid weekly, wages paid daily, 
weekly, or monthly, installments on articles bought on the install- 
ment plan and many other transactions of a like nature in which 
equal equispaced payments are involved are called installment- 
paid annuities. 

The same s 3 rmbols used in the annually paid annuities of the 
previous chapter are also used for installment-paid annuities, 
with slight additions to prevent ambiguity, as in the case of the 
amoimt of 1, and the present value of 1 for which the symbols are 
changed to and to show that these represent respectively 
the amount and the present value of a $1 annuity paid in p install- 
ments per year. 

The two symbols just given are general in the use defined and 
to make them complete the n is followed by either i or j(m} to 
indicate whether the rate is ^ective or nominal and to give its 
frequency of comjmunding. 

Now the value of an n-year annuity of anniiftl pa 3 rment of $1 
whm the dollar is paid in p equal inst allm ent differs from the 
value of a similar mmuity paid once a year because the p parts 
of the dollar constitute, in themselves, a sort of miniature annuity 
whose amoimt at the end of a yestr is the actual annual rent of the 
annuity and is always slightly more than the $1 specified as its 
rent, just as in compound interest the actual increase in $1 in a 
year is greater than the nominal rate when the interest is com- 
pounded oftener than once a year. The amount of this miniature 
one-year annuity composed of p payments made at intervals of 

— th of a yem* is symbolized by s^J-. 

P 

The value of can now be found as follows: the first pay- 

1 ^ J I i 

mentj of $1, will amoimt to “ (1 t) ^ at the end of the year, 

P p ^9 
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ANNUITIES PAID IN INSTALLMENTS 



Considering the second fraction first, it is easy to see that we need 


-1 

onh” note that — is an interest rate and then compare this form 

m 

with formula II -1 to see that it is 

m 

The first fraction of this product requires more thorough dis- 
cussion. It takes three different forms, according as m = p, 


m > p or m > p. 
li m = p, 






p 

li m < p, and m is a factor of p so that — = 


A* or p = ‘mk, we 


see by comparison with HIT that: 
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ANNUITIES PAID IN INSTALLMENTS 


A== RX 


— X X a 
m 


mn 


L (Tables IX and IV) 

m 


pn-ii] 


and finally, from III -10 and III - 11, L = ^ X or ( 1 + 


m 


m 



fiUt 


as in Case I, except that the values used for K and A are those 
obtained by using III • 10 and III • 12. 


Case III. TVlien m > p and p is a factor of m so that 


m 


P 


K 




m 


- X ^ X sssaL (Tables V and III) [m • 121 

P 


m 


From which follows directly 


K 


R X - X — ^ X sssaX (Tables V and III) 
p seJ- 


rm-is] 


mn 


and, by multiplying by > 


m 


A 


R X-X X (Tables V and IV) [in-14] 
p sjn^ « 


m 


And finally, from III ■ 14 and III • 15, we get precisely the same form 
of equation as III -8 except that the values for K and A are 
obtained from equations III • 13 and III • 14 respectively. 

Verbal Statement of the Formulas Showing their Meaning, In 
words all three formulas show that the originsil n-year annuity 
at a nominal rate, j, compounded m times per year and with a $1 
annual rent, has been transformed into an equivalent annually 
paid, annually compounded annuity with a term m times as long. 

j 1 

and interest rate — , or — th as great but with an annual rent that 

m m 

differs in the three cases as follows: 

Case I. When m = p, the annual rent is — th of $1. 

TH 

Case II. When m < p and w is a factor of p, the annual rent 

1 

is the amount to which installment payments of th of $1, paid in 


m 


year 


3 

an effective rate, — per cent. 

m 
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ANNUITIES PAID IN INSTALOIENTS 


term and frequency of payment and conversion by the amount 

i 

of $1 for one installment period as expressed by (1 + z) p or by 

+ Ly , recording to t>-hether the interest rate in the annuity 

is effective or nominal. For example, the present value of a p-paid 
annuity due vith effective rate is: 

A = i?a‘£ - Ra% (1 + i)i = Rs% (1 + Op 

All the other cases of present value or amount of an annuity 

due are derived in the same manner. 

It would seem that now and here might be a good time and 
place to tabulate those much-used and important foi-mulas of 
annuities certain of all typ>es in the follovsing table which the 
student is to finish by filhng in all blank spaces final formulas in 
the form best adapted for use with tables. 


\ 

1 1 

i 

i 

1 Kind of Annuitv and Rate 

1 ' 1 
1 

Prej=ent 

' 

value 
of $1 

.\inount 

of 

$1 

f 

Pres^ 

value 

annuitv 
* 1 

of an V 

rent 

.-Vmount 
of an 
annuitv 
of anv 

rent 

Anv 

dated 
value 
at anv 

time 

r Simple animal annuity 
* 

With effective rate 
' With nominal rate 

1 

1 

1 

1 

f 

1 

1 

1 

! 

N 

t 

1 

i 

1 

Simple annuity due 

With effective rate 

1 

! With nominal rate 

1 

1 

i 

1 

i 

1 

1 

r 

i 

1 

t 

1 

p 

1 

1 

# 

1 

1 


1 

1 Im^tallmenl paid annuity 

i 

i 

k 

1 

f 

F 

1 

» 

1 

i 


With effective rate 

- 7n = p 

1 With nominal , 

< p 

rate ^ 

1 rn > ;> 

1 ' 

1— 

] 

1 

1 

j 

1 

1 

1 

1 

t 

p 

/ 

r 

i 

* 

1 

1 

L 


In5r;illmrnt annuity vluo 
With ofTertivo rate 

7r: = 

7 , ’ < ;■ 

7fi > }• 


With n^'rniiuU 
n i \ i‘ 
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ANNUITIES PAID IN INSTALLMENTS 


land, he had exchanged it for an annually paid 
rhat loss would he have suffered? 

following symbols mean: 500 X X aam* 

* 9.09 


§16. Applying Hie Formulas. Thus far our attention has 
been direct^ ^most entirely to the derivation of a large group of 
formulas in such form that a maximum use may be made of tables. 
Although these many formulas contain about a dozen possible 
unknowns only one can be unknown in any one problem, and in 
practice the present value of the annuity, its amount, its annual 
rent, its term or its interest rate is the unknown whose value is 

sought in any psu^icular problem. 

Suppose, for instance, that all data is ^ven except the amount. 

There are eight different formulas for the value of K among winch 
choice must be made according to the kind of annuity given by 
the data: either annuity or annuity due; again ather effective 
or nominal rate, and finally, if the interest rate is nominal, either 
m i p, each with its own appropriate formula. If present value 
is the quantity involved instead of amount, a different set of 
formulas must be examined for the choice but the successive steps 

of the selection are made on the same basis. 

The appropriate form of the fundamental formula having been 
chosen, judgment should be used as to whether it is expeaent to 
substitute the known numerical values directly into this form. 
Often it is simpler to solve this equation for the unknown whose 
value is to be found before putting the known data into the 
fonnula. A saving of labor may be made whenever the “solved 

form” of the formula contains in the denominator by substitut- 
ing % for and then looking this up in Table X instead of 

using the former form and the tabular value in Table K. 'Ms 
replaces a long division by a comparable multiplication. The 
atuation calling for this substitution arises whenever the rent is 

the unknown to be determined. ^ ^ ♦ 

When the unknown to be found is either the tme or the ra 

the tabular symbol containing it is solved for and interpolation is 

resorted to for computing the solution. 'This brmgs only m 

approximate value for the result but in most cases a sufficiently 
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He accuracy of H>ia api«oximatioii may be tested by its substitution 
till* form of the formula used for the solution of the 

problem (ni-2 multiplied by (1 + i)^ to make it apply to an annuity 
due), Le., 

(I + 1)" - 1 ^ 




pl(l + i)' - 1] 


Substituting n = 7, p = 12, B = 24, i = .0490341 gives: 


K 


241(1.049034 1)7 - 1] 


12[(1.0490341)®- 1] 


= (1.049031)“ or K = $199.97073 


Thft rate found therefore is a little too s mall . If we cut off 
o ne place, rounding in the usual manner, we .shall make the rate 
stall smaller, thereby decreasing still further the accuraigr of our 
answer. But if wC round up, using t = .049035, we get as a result 
of the test K = $199.9724. Bounding up again makes t = .04904 
and this ^ves as a test jSl = $199.9759. Finally, using * = .04^1 
^es K = $200.0188 instead of ^00 and we know that at last 
we have exceeded the exact rate desired. 

!BVom the problems worked in this section we must conclude 
that with formulas involving s;;] and ^ the i^proximated rates 
found by the use of tables and interpolation have a toidem^ to 
be too small and should not be carried more thsm four decimal 
places, and in dropping decimal places rounding zqt should be 
resorted to even in the case of minor fractions. 



L A mcmfhly paid annuity with animiJ r^t $133.20 will to 

$1000 at 6 per cent eoiqpounded monthly in what length of time7 

Atu. 6 years, 3 months and $4.04 

2 . If the monthly payment in Ex. 1 had been $8.44, how long would it have 

taken? Ana. 7 year^ 9 months, 23 days 

3. H the annual rait in Ex. 1 had been $85.92 paid montldy, how long 

would it have taken? Ana. 8 yeaxa, 10 14 days 

4. H a man consistently saves $50 per month fimn the tima he iwig iiin to 
eam aEnla^' and deposits it in a savings bank paying 3 per cent 
conpoonded how long win it take l»im to accumulate $30^000? 

5. At idiat effective rate will monthly paymmite of $10.37 to 

$2000 m 11 yeaiirf Ana. i »= .067613 

6. At what rate wOl montbly payments of $8 j 81 emnmit to $2000 in 14 
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ia which T is the total annual sum, B is the annual rent of the 
j qirilriTig fund and F is the face of the deht. 

It should be noted that the rate of interest, i', used in comput- 
ing SSI is not in general the same as the rate of interest by 

the debtor on the face of the debt. 

'The amount in the sinking fund at any time t years after the 
beginning of the term of indebtedness is the amount of an annuity 

for t years at rate 

Book value is used in both a narrow and in a broad sense in 
finance. In connection with sinking-fund operations it usually 
Tnoong the amount of principal left to be paid after each credit 
entry has been made and is spoken of as the book value of the 
piincipsd at date of entry. In its more general use book value 
Trtoang the value on any ^ven date of any item of a transaction 
the v^ue of which varies from date to date or entry to entry on 
the account. 

§ 18. Amoitiratu>n Method of Paying a Debt. The method 
of amortization consists in paying the creditor directly a series of 
e^al equispaced payments covering n years at the end of which 
#ie entire debt, principal and int^^est, is cancelled. These pay- 
mmts evidently constitute an annuity the present value of which 
equals ^e face of the debt. 

3i A — £ X is undrastood to represent the present value 
of an annuity of any type, then the annua l rent of an annuity 
^bat wiU amortize a debt of F dollars, principal and interest, in 
It years & foimd from tbia formula solved for Ri 

« = ^ pv-a] 


■ft 

m 







'f . . 

him 


r_ 

■ ■*> ‘ i- 


- s” “i ’i.", - - T , , 


wMch the genend and vague symbol, iq, is replaced by a definite 
appropriate for the interest rate, method of compounding 
hequeney of payment specified in the contract for the pay- 
pf the debt. These appropriate forms of cm are to be found 
iPpmxtas H’S, 11*8, 111*3, 11I'2 and 111*14. In this method 

a debt the amount left to be paid at any time is often 
because the debtor may wish to settle before the eapirap* 
of the term of his loan by paying a lump sum. This isjound 

the hump value of the annuity , which consists of the 

dated at the date of the deeired lump 
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PAYING DEBTS 


A clear picture of many financial operations is obtained by the 
use of schedules showing the progress of the transaction from 
beginning to end. Amortization of a debt is a transaction of this 
type. A five-column schedule is made in this case. These 
columns are headed as lollows: 


1 


o 

O 


The rear. 

Principal at the beginning of the year, sometimes called 
hook value of debt. 

.\nnual payment. 

4. Part of annual pa>'nrent paj-ing the interest. 

5. Part of the annual pajunent applied to amortizing the debt. 

When the annual payment is such that a smaller last pajTnent 
is needed to complete the amortization of the debt the schedule 
method is the one most commonly used for computing the progress 

of the loan. 

However, when the time is long and the computation of a 
schedule would be tedious the equation of time can be used to 
compute the last pa>'Tnent. Suppose the first « — 1 equal pay- 
ments are R each and the last pa^nnent to balance the account 
i< R' and / is the effective interest rate paid in the problem. Then 
at the time of the loan F = Rcin — i “h ^ (1 0 > hence 

solvine; for /?' we gf^t: 


= F[1 


i 


n 


= ^'(1 + 1) [:v.4] 


§ 19. Comparison of the Two Methods of Paying a Debt. By 

the .-inking-tund method of paying a debt the total yearly pajTneiit 

made bv the debtor has been derived as; 


j = RM Fi = 


F 


i 


^ Fi = F 


1 


n I 



[IV 


Bv the amortization method the total yearly payment may be 
n written from equation IV- 3. since the rent of the amiuity equals 

tlie total yearly payment by the debtor. 

[IV.6] 


T 


F 


On 


It the rate. received by the debtor as intere.st on hLs deposits 
in the -inking fund that he has established ui some bank or t e 
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PAYING DEBTS 


from each month’s milk check. How long did it take him to pay his debt if 
the bank charged him 5 per cent semiannually compounded interest? 

Ans. 5 years, but only $9.27 of last payment 
5. A man owes two debts, each of $5000, on which he is paying the same 


interest, 4 per cent effective, and both of which are due in 10 years, but one is 
to be paid directly, to the creditor in equ^d annual installments paid at the end 
of each year and the other is to be paid by equal payments into a bank where it 
accumulates at 3 per cent semiannually compounded interest. When he gets 
th«.m both paid he asks himself the question, “How much difference has there 
been between the two waj-s of paying these two debts?” Can you think rf 
different ways of answering this question? Of the ways that you have con- 
sidered for answering the question which seems to you to be best? 

One answer: $19.25 in each annual payment; 

Second answer: difference in pr^ent values is $160.68 


6. Just after making the fourth payment into the sinking fund for the 
pajTuent of a debt of $800 which he had agreed to pay in 7 years with intere^ 
at 5 per cent, the debtor sees his way to pa 3 ring the entire debt at once. His 
..inking fund has been accumulating at 4 per cent effective. How mudr is there 
needed to complete his sinking fund for the immediate paymmt of the debt? 

7- A debt of $900 tc^ther with interest at 3 per cent is to be paid by 
accui^ulating both the principal and the interest m a sinking fund that accumu- 
lates at 4 ner cent, both rates being effective 


pn^press 


ict when due 4 years from now. 

Ans. R $238 


8. Suppose the debt in Ex. 7 were to be met in the usual manner by paying 
the interest directly to the creditor annually and accumulating only Ae dd>t. 
Make a schedule that shows aU essentials of the pw^ress of this operati<m- 

9 A debtor who owes a debt of $1000 due in 6 years with interest at 
6 per cent has been making monthly payments into a sinking W awmm^t- 
ing at 3 per cent compounded se m i annu ally for 4 years when his c tor, v 

ing immediate need for cash, offers to remit his year’s interest just due and 
being paid, if the debtor will pay his debt at once. How much naore money 
roust the debtor raise in order to pay now? What effect would this 
have upon the interest rate actually paid by the borrower for the use of the 

la If the original contract had been carried out as made in Ex. 
the borrower be pajing the 6 per cent effective that he ^pears to on the^ 
glance at the problem? H not, prepare a solution and argument to defcaid 

1 * 01101^100 as to the rate he is paying. 


miscellaneous exercises 

1 To repay a borrowing of K dollars borrowed at rate r ^j^nt a n^ 
to doUat, pfr .ve» o».U U.. debt b paid. CoaatnKt a 

«:hedule for the repaynaebt of U,e hooae. in 

2. A man buys a house paying $12,000, one-nau me cost . 

Tf kp. nftt-s thereafter $3000 per year covering pnncipal and mterest 
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PAYING DEBTS 


SUPPLEMENTARY EXERCISES ON CHAPTER IV 


1. In order to sa've money to buy an automobile costing $2765, a man 

deposits at the end of every 6 months a certain sum in a savings bank paying 
3 per cent convertible semiannually. He wishes to buy the automobile 

at the end of 3 years. What is the semiannual deposit? Ans. $143.85 

2. If the mft Ti in Ex. 1 borrowed the money to buy the auto now and 

arranged to pay the debt, principal and interest, in 6 equal semiannua l pay- 
ments V w^tfrinfiiTiiy et the end of the first half-year, what would be the semi- 
annual payment if the interest rate was 6 per cent nominal convertible semi- 
annually? Ana. $510.41 

3. If in Ef 2 the man used the savings bank of Ex. 1 to accumulate a 

^nlriTi£r fund, what sum must he have in hand at the end of each half-year to 
pay interest and to extinguish the debt in 3 years? Aw. $526.80 

4. A man borrows P dollars at rate t and arranges to pay 2Pt dollais per 
year until the debt is paid. Prepare a schedule showing the principal and 

interest paid each year for the first 4 years. 

6. A man borrows $1000 at 5 per cent and arranges to pay twice the 

amount of the origmal interest each year until the debt is extinguished. C(m- 

struct a complete schedule of repayment. 

6. A man buys a house for $12,000 paying one-haU down. He arranges 

to pay $1500 per year, principal and interest, on the r emainin g amount at 

6 per cent until the debt is paid. How many payments of $1500 are “»ade^ 

what is the amount of the fijaal payment? Ans. Four; $^6.^ 

7 At the end (rf 2 years what was the owner’s equity in the bouse of Ex. 6? 

Ans. $8348.40 

8. A county borrows $25,000 to buUd a bridge. The payment is to be 
made by amortization of the principal for 15 years at 6 ^ cent, ^t 

of the tenth year what part of the debt remained unpaid? Ans. $10^^90 

9. A adewalk tax of $174.83 is to be paid in 5 equal annual mstaUments 

with interest at 5 per cent. Construct a schedule of the paymei^ showii^ fw 
each year the interest payment, the book value of the indd)tedness, and the 

book value of credit on the tax to taxpayer. 

10 A firm operating on a 13-month j-ear arranges to pay a deW of 

principal and interest by equal montWy pajraents for 5 years. What is 

11 ^automobile truck costing $2000 and lasting 5 years (at the end of 
wWch time it has a secondhand value of $350) is to be replaced by me^f a 
sinking fund accumulated at 4 per cent from annual payments during 5 

a junk value of $50. What amount must be added to the smki^ 

junk value to replace the truck destroyed? ^ 

sinking fund can be built up at 5 per cent, .^hat am^t 
yearly to pay this debt if arrangements are made to extend the 

30 y^? _ . . , .. and interest, in n years by equal pay- 


















CHAPTER V 


DEPRECIATION 


When capital is invested in any kind of business enterprise it 
is sure to change in value as tune goes on. Some of it may be 
invested the machinery and tools of the enterprise which wear 
out with use or become less valuable through the introduction by 
competitors of better and more efficient machinery; some of it 
mav be soent for the buildings to house the industry and some to 
keep them in repair if they are not to deteriorate and soon become 
worthless; some of it may be invest^ in raw materials that are 
perishable — ^in short there must be constant care and effort exer- 
cised to keep the original capital intact. Some of this decrease in 
Yalue is cared for by current replacements and repaurSj but thing s 
of longer life and smaller need for repairs from month to monto 
cannot be replaced in this way without causing sudden big drains 
upon current assets that may seriously embarrass the man^ement. 

Such lai^e-scale, long-time decrease in capital must be provided 
for by an appropriate long-term method of accumulating a sum 
equal to the depredation of the capital, a method which as ne^ly 
as posable parallels in time the shrinkage in the value of the (»pit^ 
or, rather, in the value of the objects in which the capital is 
invested. AH of the various methods that have been devised for 
caring for depreciation make use of certain fundamental quantities 
in common. We may therefore define these general terms once 

and for aU before considering the various methods individi^y. 

The value of the depreciating article is called its book 

value and the symbol Bt is used to symbolize the book 
the end of t years from purchase. The book value starts as C, the 
cost, and finishes at the end of n years, the useful life of the solicle, 
as S, the scrap value. Dt is the depreciation chargp of the «h yw- 
The difference between the original value or cost and the book value 


years 


the accwntilation of depredatian 

0 
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DEPRECIATION 


For purposes of comparison of the several different methods of 
caring for depreciation, each of the five general methods will be 
illustrated by the same problem solved by the formulas, put into 
schedule fomi and pictured by a graph. The problem used for all 
five methods is as follo^Ys; 

Problem. An article costing $1200 has an estimated life in use cf 
6 years and a scrap value of $400 at the end of that time. Show in schedule 
form and picture by graph the progress of its depreciation. 

SoLETTON. It M-ill be noted that the schedules are not always put in 
the order in which the computations are made. In sohang any problem 
bv the -straisht-line method, for example, the items in column 3 are 

^ k_. 

computed first by the use of equation ^ *5, letting t range from 0 to 6 
inclusive. Equation V - 1 is then used for computing column 4 and equa- 
tion V-7 for computing the items of column 5. Finally, the items in 
column 6 are computed by the use of equation V-4. There are several 
checks by wliich you can tell whether your computations are correct. 
See if you can discover them by a stud}' of the schedule, the formulas or 

both. 

Schedule Showing the Progress of Depreciation and the Up-Buildeng 

OF Funds by the Str.yight-Lixe Method 


1 

[nd of 

veiTT 

2 

Book value 

3 

.\iinual 

depreciation 

charges 

0 

$1200.00 


1 

1 066 . 67 

8133.33^ 

1 

2 

933.34 

4 • 

3 

SOO . 00 


4 

666 . 67 

h 4 

5 

533.34 

i ; 

6 

400 . 00 

1 1 

i 


4 1 

Total 

depreciation 

charges 

1 

p 

5 

Remaining j 
wearing > 
value 

6 

Condition ; 
per cent 

1 

8S00.00 

100 ‘"c 

8133.33 

666 . 67 

S3^^c 

266 . 67 

533.33 

665*^ 

400.00 

400.00 

50 

533.33 

266 . 67 

33Kc 

666 . 67 

133 . 33 

i 161 

SOO . 00 

I 0 

0 


Some things, such 


The Constant Percentage Method. 

truck or his pleasure car, lose their value in use very 

The straight- 


§ 21 . 

as a farmer 

rapidly at fir.'t and more slowly as time goes on. 
line method of caring for this loss of value would lea\e t e 
almost entirolv unprotected in case he were obliged to tranrfer 
his property during the first few years of his ownership, ^^hen 
depreciation is to be financed on anything that depreciates m > 
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* rr -4 . ' ^ 


'^>5 




so Ae total «nmial ineroase in the depredatian fund is com- 
posed of the sum of this constant deposit, D, for the current year, 
and the curreat year’s interest upon the amount already so 

It is this sum of D and the current interest on the 

accumulated previous deposits of D that constitute the real yearly 
provisioii for iteprscisiiioii. Ttereforoi 

D# = H- fWSf=ili = (1 + 0*“^ = — (1 + iV"* iy*13] 

Aign the itmns in Tt are the sum of the previous and current 
i tPTnfi of Dt from whiih it becomes evident that: 


Tf — Ds^ 


[7 14] 


The dlustratiiHi already solved by two methods cannot be done 
by this method until one additional ^ece of data is given, the rate 
pita in the sinking fund. Let us restate the problem for this 

method as follows: 


Taamsat, An article costing $1200 has an estimated service 


fi 


jtiwi a scrap value of $400 at the end of that tune, miou 
Bftiiwftile ftirm and pictuie by graph the progress of its depreciation 






The itons of colunm 3 are computed hum equation V-13 
5 per omt and I varying horn 1 to 6. The items of column 4 
jajii e jymr yirtfld fmnn eqnation V* 14 and the use of Table 111 wifli i vatymg 
Ircan i to 6, or it may be found by adding previous and current items of 




Tmg PrOGBSSS of DBFBBC1A.TIOK AMD THB UP-BinLDlMO 

^ nm Fdmds to Cabb fob It bt tedb Simkino-Fdmd Method 


1, '■ ' 'it / 

"n n • ■ 

,4. : 

j' ^ -I. 

^ Mad- of' 

\ ^ 

Book 

value 

3 

Ainwial 

addition 

to gjnlffnpr • 

... .. 

fund 

4 

Total ao- 
cumidation 

in ginlring 

fund 

5 

Ttoniainine 

wearlag 

value 

6 

Condition 1 
percent 1 

% _ ^ ... 

t -M: :; 

r $iaQ0-00 



tsoo.oo 

100% 1 

-li . 

; 1082.39 

$117,614 

$117,614 

682.30 

85.3% 1 

Hi ■ . . f r ■ 

i III 

i 9iiB.$9 

123.50 

241.11 

558.80 

69.86% 1 

■ 

1 1 ^ f 

8^.22 

129.67 

370.78 

429.22 

53.66% 

♦ 4 

■ ■ 
.4 

il " " ■■ ' 

es$.w 

136.15 

506.93 

293.07 

36.63% 

t-;. 

1 W ■ t ■ . ■ 1 

3S0.11 

142.96 

649.89 

150.11 

18.75% 1 

■>■_ * ..1 ■ 1 

■■ . 

'/I 

400.00 

L-'. ■. ” - .T~ 

- i 

150.11 

800.00 

0 

0 


■ \ f- 


.1 ' 




.-w* 






^ VT t -‘.V- 


Vi 


^ ^ * 


J 

j ,* A-- ■ ^ , 




rjf' " 

- - 

■ i 
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the compound-interest method 


ColiUDii 8 is fonned from the sums of correspondmg items of columns 3 
and 7* 

This method received its name from the fact that its totw 
payment, including the interest allowances on sinking fund 
and depredating invested capital, is constant and is consequentiy 
Kire the rent of an annuity. It is employed occasionally 

both when the depredation funds are invested outside the budne^ 
in interest-yielding securities and when they are kept employed in 

aie budness, and these funds are merely a matter of bookkeeping. 

* 

1 24. The Compound-Interest Method* This second modifi- 
carion of the anking-fimd method was derised by the American 
Sodety of CSvil EJngjneeis in 1927 to be used in the valuation rf 
public utilities, such as railroads and electric systems. By tins 
nlethod the funds allotted to care for depreciation are kept 
employed in the enterprise. The depredation sinking fimd^ is 
fherdore a ifind of bookkeeping amortization of the depredation 
M the teansfer to the depredaticm account not cmly of 

the awTuial sum found as the annual rent of the sinking fund 
as computed by the method ^ven in § 22, V* 12, but also of the 
auiiii&l interest at “ sinking-fund rate ” on the accumulation in 
ihe dnkmg-fund account and of interest at a fair rate for this 
Knd of investment, i (different from the sinking fund rate, i') on 
flift mnalning book value of the investment. 

The first sinking-fund charge, by §22, V*12, is seen to be 

* If x-i • 



The sinking-fund charge of any year, ^ is, by V*13, Dt = 

FX— X(l + *0*“‘- 

The total accumulation on the books in the depredation 

account is, by V-14, Tt = Dsa^. 

So far the computations are identical with those of the dnking- 
feiud metiiod and the first six columns of the two methods will be 
«MgHy the Mtnie- In the compound-interest method, however, 

seventh column the items ci which are the compound- 
ifitiMtc Bt charges on the depredated book value which the artide 
has At the be ginning of that year computed at a rate, i, dififraent 

for the dnking-fund aocumulatians. 




Xf iS thieeefoie necessary to first compute the book 
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THE COMPOSITE LIFE OF A PLANT 

j'- 



Rg. 9- Chart comparing book val- Rq. 10. Chart comparing accumula- 
ues in straightJine, constant percent- lion erf depreciation funds by the same 

age of book value, and sinking-fund three methods. 


methods of depreciation. 




subuibanite buys a car for $600 with which to travel to and from his 
Ihe city. A.t the end of 6 years he concluded to sell and found that he 
t only $50 for it. Had he provided a depreciation fund with which 

nother car, show a schedule of it by the strait-line method. 

Ans. D = $91.67 

LOW a schedule of the progress of his fund had he used the constant- 
method of funding his depreciation. Ans. r = .3391 

aschedule of the tinkmg-fund method of caring for his problem if 
he can get 4 per cent on his sinking fund. Ans. D = $82.92 

A Change your schedule as much as necessary to turn his account into 
file smnuf ffy method. What does th^ annuity method do for him that the 
tanking j^imd method did not? 

& Use the compound-interest method and compare it with the two pieced* 

u^metiiods as to just what it provides for that they do not. Use 6 per cent on 

inv^tmmit. 

■■ ’ 

Which of the above methods would in your opinion most closdiy follow 
the &Gts m the above depreciation probten? State your reasons for your 



: 7. Had the above car been involved in an aotident just as he decided to 
it which miethod of depreciation would have become absurd and unwork- 



8. Plot all of the above depreciation methods on a sin^e graph on a large 



■*' ft 


\ ■ 



Uie Conqioate L^e a Plant. These five methods of 
detenoration of any madune, implement, or equip- 
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composite life of the plant. In this case, therefort 
by interpolation \\ith Table III from the formula : 


®nli 


w 

D 


[V.19] 


It is understood that W is the sum of all the separate wearing 
values of the parts of the plant and T> is the sum of the separate 

depreciation charges each found by the sinking-fund formula. 

rkf intpmolation from the table the sinking-fund for- 


(1 + iT 


may 


1 W 


D 


and solved 


♦ • 


for n, givmg: 


n 


log ( Wi -\- D) - log D 

log (1 -|- i) 
d by logarithms. 


[V-20] 


EXERCISES 

1. A plant is composed of the following parts having the values and life 
shown in the accompanying table. Find the composite life of the plant using 
(a) the straight-line method and (b) the sinking-fund method, at 5 per cent. 


Part of plant 

Value 

Estimated 

life 

Scrap 

value 

Depreciation charges 

Straight 

liue 

Sinking 

fund 

Buildinga 

Machinery 

Furnishings 

Fixtures 

Tools 

$160,000 

75,000 

5,000 

2,000 

8,000 

50 JTS. 

16 yrs. 

12 yrs. 

25 >Ts. 

4 yrs. 

$6000 

8000 

500 

400 

1 500 




2, Having found the composite life of the above plant by the straight-line 
method, find the remaining wearing value in those items which have any 
wearing value left in them at the end of the composite life of the plant. 

3. Do as directed in Ex. 2 except in this case use the sinking-fimd method. 

4. If Tt represents accumulation or sum of depreciation chaiges at the end 
of t years find an expression for Tt true in general in the constant-percentage 
method. Also for the general annual depreciation charge, Dt- Test the value 
of your result by use of the problem solved in the text. 

5, Find the condition per cent of each part of the plant at the end of the 
compoate life of the plant in Ex. 1, method (b). 
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6. Derive formulsB to c&re for all esaential quantities to be found in 
annuity method of caring fcv deprecistion. 

7. A turbineKlriven electric generator costing 985,000 is to be by 

a big power and light company. The company earns 12 per cent on money 
invested in the plant. The local bank pays 4 per cent on saving deposits. Tbe 


generator is estimated to have a service life of 30 years and a tum-in value of 
$15,000. Make out the first 4 years of the depreciation sdiedule for the gen- 
erator by each of the five methods of caring for depreciation. 


§26. Depreciation of Oil, Mining and Timber Lands. In 
this class of investments the value of the property lies almost 
entirely in the oil, mineral or lumber. When this product has 
been removed the value of the investment will have shrunk to 
practically zero. Any sound system of financing, therefore, must 
provide a reasonable annual return on the capital invested and a 
sufficiently laige yearly payment into a sinking fxmd safely invested 
so that by the end of the profitable life of the project the accumular 
tion from this so-called “ Redemption Fund ” will restore com- 
pletely the ori^nal capital invested. 

The oil e:q)ert, the minin g en^eer or the timber cruiser fiist 
furnishes expert estimate based on investigation of the property 
concerned. His estimate usually evaluates not only the total 
value of the property but its average yearly output for an esti- 
mated number of years. From him also or from other experknoed 
sources the gross and net cost per unit for delivery of the p^uct 
to a known market is estimat^ when delivered at a certain pre- 
determined rate per year. The rate at which a sinkin g fund can 
be accumulated and the rate that an investment of such ride should 
earn are the two other items needed before the promoters of sudi 
an investment can mak e their computations to determine wtot 
^anifAl shniild be the mairimiim set for developing the enterprise. 


Let P 


R 


I 


S 


e estimated potential net value of the property , or 
present value 

e net annual income from the property (also esti- 
mated) 

le amount of yearly income that P should earn when 
invested in such a risky enterprise, I — P Xt 
le annual payment into the redemption fund accu- 

P 

mulating at rate i', — 

SSli' 
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It is evident that R = / +iS = PXi + 


F 


P\i + 



which solves into: 


P 


R 


1 + 


1 


CV-21] 




1. Shotild the above class of investments lose the element of risk to such 
an extent as to become like ordinary investments and the rate t' become eq\ial 
to t, show that equation V -21 reduces to the ordinary formula for the cost of an 
annuity. Does this mean that one gets i on his investment and gets it aU back 
by the end of its term when he hnys an ordinary annuity? 

2. The net annual revenue from a lumbering project is $10,000 for the next 

10 years. If the risks involved make 10 per cent a fair return on investment 
and if 4 per cent is earned on the redemption fund, what sum could the con- 
tractor afford to invest? Arts. $54,558.08 

3- In the Venice, CaUfomia, oil field, a certain group of the wells averaged 
to produce 100 barrels per day for 6 years and the oil sold at the well for $1 a 
barreL It cost an average of $40 per foot to bring them into production and a 
redemption fund was established at 4 per cent. What rate of income was 
earned on the investment? The average depth of the wells was 2000 feet. 

4. In Ohio the coal lies in a fairly uniform layer 4 to 6 feet imder the surface 
of the level land. A coal company bought 5000 acres of this land at $125 per 
acre. It took 4 years to organize the plant and get into production, during 
which time a yearly tax of $5000 per year was paid on the land. The engineers 
estiniate gave the life of the min e as 50 years at 5000 tons per acre. The entire 
equipment cost $500,000 and will have a composite life of 15 years. The value 
of the land when exhausted will be $10 per acre. The annual cost of labor and 
power will be $542,000 and for taxes, repairs and administration will be 
$200,000 per year. Coal could be sold at the mine for $2.25 jjer ton. Find 
out the total investment in the mine at the end of 10 years after piuchase. 
Also find the value of the mine at that time. Assume interest rate of 5 per cent 
effective, that all sales and expenses occur at the ends of the years to simplify 
the accounts and that production is annually constant. 

5. A man patents an invention and fails to get capital to manufacture. He 

fina l l y sells it for $100,000 when it has 10 more years to run. What net annual 
profit must the buyer make if the plant for manufacture costs $5000? He can 
get 4 per cent on a sinking fund and plans to get 10 per cent return on his 
investment. Ans. $19,245.59 

0. What price can a company afford to pay for a copper mine that will 
promise $30,000 per year for 18 years if 12 per cent is to be earned on invest- 
ment and the s inkin g fund can be invested at 4 per cent? Ans. $188,687.20 

7. A logging comi>aiiy holds timber lands that promise a net income of 
$30,000 per year for the next 20 years. If the company must make 10 per cent 
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on its investment and can earn 4 per cent on its anking-4imd investment wbai 
is the value of the investment? Am. 9Z24|S81,40 

8. A timber tract can be bought for $1,000,000. It is estimated that tihe 
tract will yield an annmJ net income of $200,000 for 10 years and that titt 
cleared can then be sold for $20,000. The lagging company wrahes to 
make 10 per cent on the investment and can earn 4 per cent on redemption 
funds. Is it a good buy? How much margin does it ^ve them for inaocunte 
estimates? Ans. (a) $1,091,161.05, (b) $111,161^5 





§27. Choice in Buying or Repladng an Article, Based on 
Depreciation. When buying an article, implement or madune for 
some permanent use or operation the buyer is confnmted by an 
embarrassment of choices. The relative annual deprecmtion ooe^ 
of the articles under consideration fumidi a sdentifie baas for a 
decition under such drcumstances. Two important casra arise: 

(1) when the things are used raduavely or mainly for the pxoduo- 
tion of a definite average number of units of production of scnne 

kind, such as a machine for making wood screws known to produce 

a fix^ number of gross per day; (2) implements or artides notused j 
for the direct fabrication of an average countable number of umts 

of a ^ven product. 


Case 1. This case is dealt with by what is known as the tmif 
method. The excuse for putting this method under depred»> 

is frequeaUy used in detemuniug Ae time 


tX- 


depredation and repair charges on the old madune 


service makes it more expensive to run than 




new one to replace it. 


LetP 

D 


cost or present value of the new machine 

payment that win amortise its cost, prin^^ 

a 1 and interest on the remaining book valu^ itt 




o 


N years 

onniiftl operating eqiense exdudve of lepaiis 





R 

N 


depredation 

average annual cost of repairs on it 
the estimated useful life of the madune 








% 

U 


open-^narket rate of interest 
number erf units of product fabricated 




year 


Let the small letters, p, d, o, r, n and «, lepicse^ the sa 

onnW the old machine or the other new 
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life of a tie be extended by chemical treatment that costs $1.40 per tie, if 

interest is at 4 per cent? Ans. 8 years 

5. Ordinarj' cedar posts can be bought for 40 cents each and will last 18 

years. If interest is at 4 per cent how much can a farmer ^end upon chemical 
treatment that will double the life of his fence posts? Ans. 20 cents 

6. Find the composite life of a plant (1) by the straight-line method; (2) 
by the sinking-fund method at 3 p>er cent : 



Value 
new ' 

Scrap 

value 

Estimated 

life 

Wearing 

value 

Depreciation 

charge 

A. 

$18,000 

1 $3,000 

15 years 



B. 

50,000 

10,000 

40 “ 



C. ' 

30,000 

10,000 

40 “ 




Ans. (1) 30 years; (2) 29.67 years 

7. Find the constant per cent by which the value of a machine is decreased 

if its cost is $12,000, its scrap value $200 and its estimated life 15 years. 

Ans. 11.26 per cent 

8. What is the capitalized cost of a truck that costs $18,000, lasts 6 years 

and ttftg a filial value of $100? Interest is at 6 per cent effective. 

Ans. $6798.59 

9. If the machine in Ex. 7 had depreciated in such a way that the straight 
line method could have been used what would have been the a nnua l deprecia- 

tion chMSe? ^ ^ ... , , f “• 

10. Had the sinking-fund method of depreciation been used for the machine 

in Ex. 7 and a 3 per cent interest rate employed what would the ninth a nnu a l 

depreciation charge have been? . ^ 

11. A shallow coal mine is estimated to give a net income of $30,000 annu- 

allv for 8 years. The income rate allowed is 8 per cent and the rate on the 

redemption fund is 5 per cent. What is the estimated value of t^ inin^ 

Ans. $162,411.87 

12 One of the old college buildings has been financed as follows: cost, 
$300 000, yearly repairs (paid at the end of each year), $1000, extenave 
renewals (i)aid at the end of each 10 years), $12,000, sale pri^ at the end of 
40 years (before renewals), $10,000. What annual sum should have been set 

r^^Tiairs. renewals and the recovery of depreciation on capital? 


13. Do Ex. 10 by the aimuity method making out the first 
tenth year of the depreciation schedule. 
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ration creates a bond issue of $20,0(X),000. Assuming tliat the 
corporation deems it necessary to secure this huge loan in order 
to make it satisfactory to the many potential lenders we shall 
next find a mortgage being placed upon the properties of the 
corporation. 

So far nothing is known of who will be the lenders or to what 
amounts they will participate in the loan. Under these circum- 
stances the corporation cannot very well make out thousands of 
parti-mortgages for as yet unidentified lenders. It therefore cre- 
ates one mortgage and conveys that mortgage to a trustee who 
will act in the interests of the many lenders. But instead of 
Tnai-ing out onc proBoissory note as would the individual, the 
corporation has h<mds printed in denominations of, say, $500, $1000, 
$5000 and $10,000 to an abrogate of $20,000,000. These bonds 
are really Notified promissory notes, fundamentsdly as sonple as a 

note executed by an individual. 

Each bond will state the amount owed the bearer or owner of 

the bond and that amount will be either $500, $1000, $5000 or 
$10,000. It will also state the rate of interest to be paid, the dates 
on which it is to be paid, where the funds for interest payment may 
be obtained by the lender, the date upon which the bond will be 
paid and where it wiU be paid. It is quite possible that the corpo- 
ration will want to pay off all or part of the loan before the agrccd- 
upon maturity date. In such case it makes provisions for antici- 
pating pajTnent by providing one or a senes of dates” 

before the maturity date. Furthermore the bond wll state all 
the other conditions of the loan, including the mortgage security 
held by the trustee. Inasmuch as the corporation d^ not know 
beforehand who is going to own its bonds, it is evident ttot it 
must provide a convenient way for tho^ who will own its bonds 
to obtain the interest payments- This is accomplidied by a very 


To be concrete let us suppose that the $20,000,000 
referred to was “ floated ” (put on the market) January 1, IW 
to be paid or redeemed January 1, 1954, with interest^ 5^ 

and jSiuarj^ 1 beginning July 1, 1939, and 

date, January- 1, 1954, 15 years after issue. ^ “ 

4 per cent paid semiannually, hence each mterest payment 

$1000 bond is $20. This makes 30 inter^ ^ 

The bond itself is designed to carry 30 smaU rectangles of paper. 
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fl of tllO BOflUft^ODOCSHt for O^CCtilFfc^ 

its obligations. Such a bond issue would be called debenture 

bonds. 

The bonds actually issued by our hypothetical coipoiation, 
which we will call the Royal Air Corporation, would be known 
in the market as Royal Air 1st Mortgage 4 s, 1954. 

The account of how to contract a debt by the bonding method 
would not be complete without a moment’s consideration of the 
mechanism by which the Royal Air Corporation actually sold its 
bonds to the investing public— individuals, banks, insurance com- 
panies, trust companies and other mstitutions having funds to 
invest! Under existing federal laws the corporation first h^ to 
register its bond issue with the Securities Exchange Commissian 

g^jbmitting all pertinent facts concerning the issue. A few 
of these facts would be : a history of the corporation, a complete 
description of the properties upon which the mortgage was placed, 
a discussion of the poUcy of the inan^ment in the handlmg of 
depreciation, a discussion of its capitahzation, earnings, contingent 
liAhilities relationship of the corporation to the trustee and to the 

Znker. who will actaally seU the bonds to the inv^g 
public This, of course, implies that all arrangements with the 
investment bmiker or bankets had been made prior to the su^ 
mission of the issue to the SEC for r^ry. If tmd wh™ 

SEC approves the issue and places it in registry “ 
bankers can go ahead with their plans for the sale of the 

the general public. , , 

Among the prearrangements between the corporation and *e 

investment banker is the sale to the banker of the entire «* » 
oert^ fed price, usually conriderably below the pM value rf ^ 

Lpwtod to bring when oBered to the p^hc Tfe 
concerned and shifts the responsibihty to the shoulders of the 

“cialist with enpert knowledge as to riie^i^ 

l^ts^d knows such details as what combination of m^ 
rate and life of bond will be acceptable to the 

JZ, havrefensive acquaintance with aU types of mvesUus. 


til) III 


Is to 
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A(2). Buying a Bond at the Market— Theoretical Method. It is 
e\ddent upon reflection that Mr. Buyers paid Mr. Sellers $38.33 of 
accrued interest 42 days (180 - 138) before it was due and payable 
by the Western Union. Hence if he had \\'ished to inake the 
amount theoretically correct he would have transferred its dated 
value backward 42 days or of a coupOT^ period to the delivery 

date by multipbing $38.33 by the factor at the coupon rate.* 
This is found to give as the theoretical value of the accrued inter- 
est, /o = 50 X fIS X 1/(1.025)^ or 38.33 X .99425 - $38.11, 
which is the true deliverj’'-dated value of the accrued interest due 
Mr. Sellers. This is the only actual theoretical difference between 
the practical and the theoretical methods of computation but it 
makes both the gross price and the total purchase cost different. 
The capital invested remains unchanged. Mr. Buyers’ theoretical 
gross price w'ould therefore be 2075 -1- 38.11 = $2113.11, and his 
theoretical total purchase price would be 2113.11 + 5.38 = $2118.49. 

This entire transaction can now' be put into general symbolic 



as follows : 


Qo = 

= F y. 

^ ^ 100 


[Vl-l] 

Go = 

= Oo + 


[VI-2] 

To = 

= Go “h ^0 “ 

= Qo + /o 4' -^0 

[VI-3] 

^0 = 

= Qo + 5o = 

= To — lo 

[VI -4] 


The above equations apply equally well to both the practical 
and the theoretical methods but the equation for the accrued 
interest for the practical method is; 

h = “xD [VI-6] 

in which a represents the number of days that have elapsed in the 
current coupon period before the delivery date, t the total time in 
days in the coupon period and D the value of one coupon. 

*Note well that in order to use Table tTI, the table of the fractional 
powers of v, the denominator of the fractional exponent of v must always be 
made 360 by multiplying both terms of the fraction by the same number. 
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For the theoretical method this equation for accrued interest 


becomes : 



jXDXv* 


[VI-6] 


in which h represents the number of days from the evening before 
the dehvery date to the next coupon date, found always by the 

h 

equation h = t — a. Note that the interest rate used in the »* 
of this equation is here the coupon rate but in the computations of 
B(2), for example, the jdeld rate will be used. One should there- 
fore be on the alert to avoid using the wrong rate. 



Fig. 11- A dated-value graph showing the purchase-dated value of the future 
benefits of a bond when the bond is to be held to maturity (theoretical method). 


F 

C 

D 


I 


Tabular View of Symbols Used, together with the Defisttion of Each 

= face value in dollars of the bond or bonds under consideration. 

= the maturity value or the redemption price of the bond or bonds. 

= the value in dollare and cents of one coupon or interest payment. It is 

computed at the coupon rate so that D = F X - in which 

= the coupon rate, which is usuaUy semiannuaUy paid as indicted. 

= the investment rate or “yield rate,” i-e., the ratio that the i^a^ 
part of the coupons bears to the purchase price after certam deductions 

have been made in order to keep the capital intact. 

= that portion of a coupon that has accrued since the Jast roupon 

when subscripted with 0 the accrual period is the “ ff 

current coupon period before purchase, when subscripted witn a i 

the accrual period is the corresponding part of • 

,.hich resale takes place. This use of 
general upon aU symbols used in the same sense at both purchase and 

sale. 


* 

J2 
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A BOND ON A YIELD BASIS 

ta- 

p. *y .4 found that Pp = 2000»^z5 + SOamoaas computed 

this date at the yield rate, jz = -0^ a • 

use of Table II and Table IV he found Pp » 

+ 60 X 27.7477 = $2138.74. But Pp was seen to 

bedated March 1, 1938, tetead of Ju^ ^V®ff 
So Mr. Buyers computed the amount of Pj, at s^ple inte^ _ 

tins interval of 138 days at the yield rate of 4 a per c^t. The 
P (1 + 41# X .024), so found is the delivery-dated value ot 

ali futi^ benefits of the bond including aU of the current coupon. 
Hence it must be Go and therefore: 



Go * 2138-74(1 -f . 



xil 


) 


(s^ 




t this is IJie gross purchase price because it contains tbe 

first cbupon after purchase althou^ il'f" it has already 

the bond. So Mr. Buyers sub- 

from Go 4Mth of a coupon or 4|f X 50 = $38.33, giving 
0^^Jq = 2173.63 — 38.33 = $2137.30. 




any 







finally divided Qo by 20, giving the market quotation as 
n-TiH he therefore concluded that he could afford to buy 
I having a 5 per cent coupon rate provided its market 
was feas than 106f . The moming^s quotation of that 

^ ^ 15 ^ 1938) together wilh his knowledge about the safety 

marketability of Western Union 5*S were the deterraimng 

Mr. Buyem demded to send the telegram to his 

to buy Western Union at the market. 

ions given above for this particular case may be 
expressed by the following formula. Iict the 








Sn+l 





fVI-7] 





if 



intb it the value of Go 



VI*2forQa 

VI .7 and that of Jo 







m Mmd €m a Fiehf Basis-^ThecteUcci Method. 




rate on the xncmey 

of the same two 


■ ■ 


t • 
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benefits, the redemption price, C, and the annuity formed by the 
coupon paj'ments but he would have fotmd their purchase-deliveiy- 
dated values directly. He would also have foimd Gq at one step 
bv means of an equation that is only a little harder than VI -7. 
The derivation of this equation foUows: using Mr, Buyers’ $2000 
bond the delivery^ date of the purchase of which was July 19, 1938, 
and the maturity date of which was March 1, 1960, we find that 
the deliveiy'-dated value of the redemption price is: 


2000i’S25'"“'*“ = 20001--^® X 


The first coupon 
dated value of 


after delivery taken bj' itself has a delivery- 


50i’V^ 25 — 50l'fo225 


remaining 2/2 coupons to final maturity constitute an 
annuity the delivery-dated value of which is; 

50a43! .o225 X l’.0^5 


The sum of these three items gives Go directly as 



(2000r^,Jv25 4- 50 + 50a47,.o225)t'®*' 


(2000 X .384129 + 


50 + 50 X 27.37203) .994822 
= (768.258 + 50 + 1368.601) .904822 = $2175.54 


From this gross price, which is seen to be 9 cents less than the 
one which Mr. Buyers arrived at by the practical method, the 
market price or quoted price is obtained by the use of equations 

VI -6 and VI -2, giving: 

Qo = Go - /o = 2175.54 - X oQ X .994822 
= 2175.54 - 38.13 = $2137.41 


From this it is seen that the quoted price in this case is 11 cents 

more bv the theoretical method than by the practic^. 

Again the solution of this particular example may be gpnerahsed 
and expressed symbolically to make other problems easier to solve. 

Go = (cv‘i + i> + 




















— r— V— r* r::n:— ’ — : :::":::" :::T vvvv^^ ==T^==?tTTr:T"": 


















lii 

^i!; --;t-:j lE i f=. -j ^- -fi :- 







::‘:':ii;;5: =f3:" 


E» 


I— =; iE 3 " — 


J53e:;il ~ = 3? dfci-:“E^lE? 3^ lEE 






-i=i 


=■ ISi .-jsS; 



%iE-^ EEEjE ;!iE:= Eajr:S^i:fe3|;^:j; nS^=g;;j;iiE .= 


irr - ■ = i::'''Ha!r.-.^:!::~!i"j!i^ 


:r ‘“5: -s: 


”-.Eij=if--— - 7 ;; “ 




|: iilli 11^ C!PW3S!i:prH„ O' ^-3-=t 







iil:i. jn|“ y&f piii;:^ ej: 


Be ti li;;:“^;_ii!EiiE||?; j|iii ii- ii; ^:!ii-iiif is 


J=:;: “C?^= 




--^ 5 :— “"'ffjiiir '3^dE:3S;Hp;^j5:E^; 5 ^i^' ^':E:: ==’■■; 1::. li:-1!-::?‘’'!n5E: 'SEn5--”';ii: ;E;;; ? -i. 


i;;™. 






:!Eiia 


3t E :H;-riL'=njr: “E-ir 


' ’ ff=iE “Si- 1 


’^zai- ^m 


-=i: 









^?!:i5iiii EL. ;::.■ L_;;E.. EJELE: :H:=E^iitSE 




EE::=5i3s 1H EBiErEil s-E; = E= 







;L~z=:^ ES .EEE:=l?5E:g?Si|.J5;^£i:fes;3::: |!:E= 


E::E -;Sl Er 1 "#' :isr 


a;=^r: 23 : 7 :|:E|! 7 -SE:r= Tz 



EJ is Hi : ^ z: 




' ^:- EE=3iE ;E1. !i 3 


.i5EU-;3fc-E^ 




= 7 . ^-‘_ = E' =s::ss: 




a 




'E 1 -- ■ EE=r -f! 




^::: liaSEilE;" 


=E=“ ipI3!! ElinEi^qSES |!--;iii -H:E 




,. i|i::l|EEE:3EEpjS 




sr E¥p3|nEj3 





ES, Ehi^EE SEE: 5i:^nE=E SE-i:!; SlE iEiUEiE.sliE'E .=;:;» 


iiw«J;— - 33 ,. ;--3 


3: s:=BE M-i: -3g eiBe^ 










^ 3 i -m s|”'L -^=: 



”^i:=";i" 


* •-■" -JIL ■='‘' —-hm. 

:-;i" iJ:™" -^Si 



e 3 ?ME;. JE s:| tJ!; is; 


J:S:;i: JHIiPilSy® jiSiSlsP:^ 






'TSi 







1 iS; 







ii ipp 




^rSEr ,=: ^fr-iiss: 








~~^z. 

:r IT 


ilri. !^-iiSEE:::i£' 




= 


-zz- 

I” 


:wr :: .“ 


EE % :!d=H 


HcESPE' ;e ..=E 

-^7 ::;7-,==-.-^ '^-r 




•-■^ .zzr -EEbP'" -“Hi. ,” 

;■ :^E|_ 


^:i 

*: -=^:;-b 








:*£. 




:-s*=r^“- -;=- ::£:r 
■— ::- •*!. --. 




■= ZEE 







=EE-;-E__ |fi Jj; g;|i[E§feEgK:E- 


'-rrr "I •* 





— -r = 

T=— z_”-._ ;;-=:;e — =_“ 



1= 






-s: ;? 











5E: := "- 









Jri!4>ria= —^E- ^ 












■SEi 




E— 








-H lil 


:EE i;: 














106 
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6. Using the corresponding results of the computations in Ex. 6, page 101, 
TOftlfA out the first and last lines of a schedule by the theoretical method. 


D(la). Determinatiion of the Short-Term or Stock-Yield 
on a Bond the Purchase of Which Has Been Made, or Is Conr 
templated at Market — Practical Method. Mr. Buyers, bdng some- 
thing of a financial expert, before he sent off his buying ord» to 
Broker (see p^e 90), did a bit of researdi and figuring as to 
the probable financial advantages of his contemplated investm^t. 
First he followed the market price of Western Union back throu^ 
the files of the past 3 years in The Times and found that it had 
remained steady at from 103 to 104 nearly all of this time. From 
fhis he reasoned that, should he wish to keep the bond only a short 
time, he could probably sell it at about the same price tiiat he 
would have to pay for it if he bought now at the market. Assum- 
ing that he could sell at the same price he reasoned that his short- 
term yield would be the semiannually compoimded rate found by 
dividing the semiannual coupon by the price paid. For this he 
used the quoted price, Qo, giving him as the stock yidd or afcor*- 
ierm yield 50 2075 = 2.41 per cent per period or a normnal 

j _ 4 32 per cent, which is equivalent to an effective rate of 

i «= (1.024096)* — 1 - .0488 per cent. 

In general symbolic form, the stock rate is seen from this ilhis- 


tration to be 



[VIIOJ 


A moment of thought would make it evident that a more accair 
rate and also a more conservative estimate would have been 
obtained had Mr. Buyers divided D by Kq and used this result as 
the semiaimually compounded rate. But this method is based 
on the variable market price in rither case and such a refinement, 
while theoreticaUy justified, is not practically defenable. 

D(lb). The Long-Term Yield or YiOd to Moluri^ When Pm- 
chase Price is Predetermined — PracUcrd Metlwd. But Mr. Buyere 
did not stop here. He planned to hold this bond to matim^ 
March 1, 1960, at which time it would be redeem e d at par by 
Western Union. So he reasoned that if he paid $2075 now 
received $2000 he would have an average of (2075 + 20(W - 

$2037.50, capital invested during the penod of o’lraerainp. 
of the coupons received he must save out a total of 2075 ~ 2000 
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present value of the annuity conasting of the remaining n — m 
installments, or: 

V„ - Ra^ - [VI-211 




a 


and the price - of a period after the with installment has been pmd 

is found by the same reasoning as in the corresponding problem 
with a simple bond. It is: 


Oo — 



“ a 


t-jRVi(l+i)^=Rv* 


(1“1” nil 





Note that the interest rate in both VI-21 and VI 
investment rate and not the coupon rate. 



1. A 10-year $10,000 annuity bond with interest at 6 per cent no mi n a l, is to 
be paid in 20 semiannual installments- Find the purchase price at the end of 
the seventh year if bought to >ield 5 per cent (semi). Ans. $3702.34 

2. Find the purchase price of the above bond if bought 2 years earlier to 

give the same yield. j j v u vx 

3 Determine the approximate yidd rate if the bond had been bought as 

described but at a price of $3600. ^ 

4. Find the purchase price of a 10-year annuity bond for $4000 issued at a 

4 per cent semiannual rate bought 4 years before maturity to 

(seim). in Ex. 4 if bought to pay 5 per cent 



Same as Ex. 5 except the yield to be 3 per cent (semi). 

S31. Serial Bonds. Sometimes a ^ven issue of bonds wntains 

a provirion for the redemption of stated portion of Ae ^ 
various stated dates instead of having but one redemptaon ^tete 
the whole issue. Such an issue is caUed an issue of serud beads. 
When sudi an issue is sold to a single banking house it beco^ 
ne^ry to compute a purchase price to ^e a predetermined 

^*To do this the excess of each part of the issue is compute 
as in (b), page 108, and the total excess for the enrire ^ ” 
found by simply summing the separate excesses. ^ P ^ 
nrice will be the total redemption price of the issue p us e 
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sold August 6, 1940, in order to yield an inocnne rate of 6 per cent (semi)? 
Broker’s charges at purchase were $2.74 and at sale, $3.06. 

Aiw, Ni = $968.76 

4. The purchaser of the above French bonds on July 8, 1938, intenils to 

hold them until maturity in 1941, when he will redean them. What income 
rate will he have earned on his investment? Ans. j = 6.14 per cent 

5. A Boston Elevated Railway Co. 4^ per cent ’41 mN NC bond for $SOOO 
was bou ght . Jime 16, 1930, at 93. This bond was originally sold in 1911 at par. 
What investment rate did an original owner of this bond who sold at the 
market on June 16, 1930, earn on his investment? Take Bi as $10.74. 

6. On May 15, 1930, the South Puerto Rico Sugar bond of Ex. 5 on page 96 
was sold at the market (105); accrued interest less commisaon and shipping 
charges, $2.60; transfer tax of 40 cents and r^stration tax of 4 cents. Make 
out the bill for the sale of thia bond as sent by the broker to the seller. What 
were the gross selling price, the net selling price and the return of capital? 

7. Suppose that the man who bought the Denmark 5^ per cent ’55 on 
March 18, 1938 (see Ex. 1, page 101), were to sell it on December 4, 1944, so as 
to make a yield rate of 6 per cent for the time that he had owned it just as he 
had planned. Find the net sale price, the quoted price and the capital return. 

8. A $5000 International Paper Co. 6 per cent ’55 Ms bond was bought 


July 6, 1928, at a total purchase cost of $5370.94 and sold on S^tonber 10, 

1937, at a quoted price of 95^. Compute the following items: (a) the accrued 

interest at purchase, (b) the accru^ interest at sale, (c) the apprommate 

brokerage charges at sale, (d) the approximate brokerage charges at purchase. 

The bond was bought and sold on the New York exchange (in third sone) 

through a member of the exchmige as broker. Value declared and privately 

insured. Ana. 7o = $107.50, h = $10.83, Bo = $10.68, Bi = $12.72 

9. A $1000 N. Y. C. R. R. 4 Fa ’98 was bought September 10, 1937, at a 

quoted price <rf 95 with Bo = $2.65 and sold February 1, 1988, at a quoted 

price of 84 with Bi = $3.09. Compute the gross purchase price, the total 

purchase cost, the capital investment, the net sale price and the return rf 

capital. Was this a good investment? What income rate do you consider this 

investment as yielding? Ans. (a) Go = $954.78, (b) ^ 

Bo = $952.65, Ni * $837.13. Kt = $836.91 
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BUILDING AND LOAN ASSOCIATIONS 




1 BegiBning of each month 
starting at beginning of 

1 second half of 13th year 

Book 
value 
of the 
share be- 
fore add- 
mg dues 
current 
month 

Amount 
of the 
dues 
paid at 
begin- 
ning 
of 

month 

Book 
value 
of share 
after 
addition 
of 

month’s 

dues 

Interest | 

on 1 

current ] 
book 1 
value, 1 
for 1 

the 1 

month 1 

1 12^ yrs., Ist of 7th month 

$194.4177 

$1.0000 

$195.4177 

.6514 

1 at the Ist of 8th month 

196.0691 

1.0000 

197.0691 

.6569 

at the 1st of 9th month 
at the 1st of 10th month 

197.7260 

199.3884 

1.0000 

.6116 

198.7260 

.6624 1 


Hence in case the time for maturing the share is 12 years, 9 months 
fttiH 61 cents of the dues payable at the beginning of the tenth month. 
The time to mature a share is either a number of years, months and days 
or a number of years, months and some portion of the next month’s dues. 


EXERCISES 

1. When the Middlebuiy Building and Loan Association b^an by mator* 
ing ahares to $200 by $1 per month dues and a semiannual dividend at 6 per 
cent, bow lf«"g were the shares in maturing and what effective rate did the 
investor’s money earn? Ans. 11 years, 6 montiis, 27 days; i = 6.09 per cent 

2. The rate in the above association was reduced to 4| per cent after a few 

years. How long did it then take ahares tomature and what was the investor’s 

rate under those conditions? Ana. 12 years, 5 months, 68 cents of next dues 

3. Now it has been stiU further reduced to 4 per cent. What is ths effective 

investor’s rate now and how long does it take to mature a share? 

4. Connecticut State laws allow assodatious to mature shares to four dif- 
ferent values: $100, $200, $300 and $400. 1i the dividend rate to investors is 
5 per cent and the dues $1 per month, what is the maturing time in eadr of 

four kinds of shares? 12 years, 1 month, 10 da^ 

5. An association maturing $200 diares by $1 per month dues changes its 

Pf ^;a«Tiii«riy compounded interest rate from 4^ to 3^ per cent. How much 
did this the maturing time? Atu. 8 months and 32 c^ts dues 

6. An association officer wished to know what effect it would have u^n 
the maturing time if the dues were changed through a series of valuer 
whidb^^wse somewh^: (a) 50 cents, (b) $1, (c) $1.50 and 0) «2. If $260 
shares are matured at a semiaimual rate of 5 per cent what are the four answers 
to th” official’s inquiry? Use any result already available. 

The Borrower's Retd Interest Rate. The borrower in this type 
of pays dues on shares equal in face value to the amount 
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of his loan and in addition he pays interest monthly in advanw on 
the face of his loan until the shares for which he is pa>ang manure. 
These matured shares are regarded as the payment m f^l of ^ 
loan. From his point of view, therefore, his monthly dues pliw 
interest on his loan constitute a monthly paid annmty due, the 
present value of which equals the face of the loan provided the 
interest rate used to bring it back to the present is the actual effec- 
tive rate that he is paying for his loan but no< the paid-in-advance 
rate described above. The term of this annuity is the maturity 
time of all shares as already found for the investor. It is tlm 
actual interest rate that interests the borrower. This is what will 
now be found. On page 49 it was shown that an interest rate 
compounded with the same frequency as the payments of the 
installments of rent of the annuity is much simpler to find. We 
shall therefore find and from it find the equivalent effective 

rate. 

Let r(i 2 ) = the quoted paid-in-advance rate charged the bor- 


rower 


and I =P 


12 


installment of interest paid 


7 ( 12 ) 


or 


d 


Vl 


borrower 

actual nominal monthly compounded rate paid by 
the borrower 

the number of cents of the last dues when c is the 
sum needed to mature the share 

the number of days in the final time (partial month) 
needed to mature the share when a partial divi- 
dend payment is the thin g needed to mature the 
share 

the discount factor at a rate 1 per cent greater than 
r(i 2 ) . (This rate is chosen because it removes one 
unlmown factor from VII • 3 and VII • 4 and has 
been found by many trials to g^ve extremely 
accurate results.) 


n = years and fraction of a year which expresses the 

number of complete months in the maturing time 
of the share 

All other symbols have the same meaning as previously defined. 
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Solution. The bookkeeper would make out a schedule like the 
portion of one shown below. No explanation other than that furnished 

by the headings will be needed. 


Beginning of 
month, after 
the pajTnent 

Book value of 
the debt at 
beginning of 
each month 

1 

h 

Total 1 

monthly ‘i 
payment 

Interest on 
current 
book value 
of debt at 

Part of 
payment 
left for 
amorti- 
zation 

1 

100.0000 

1.0000 

.5000 1 

.5000 

2 

99.5000 

1.0000 

.4975 ■ 

.5025 

3 

4 

98 . 9975 

1.0000 

.4950 

1 

.5050 


137 

2.9653 

1.0000 

.0148 

138 

1.9801 

1.0000 

.0099 

139 

.9900 

1.0000 

.0049 


.9852 
.9901 
.9951* 


* By this table we see that the 139th monthly paj-ment of $1 pays the 
interest, $.0049, and leaves .9951 with which to amortize the remaining book 
value of .9900, or .0051 more than needed. It therefore takes 139 months 
or 11 years, 7 months, to pay the loan. 


The above schedule is 139 lines long and requires great patience 
for its complete computation but the amortization formula gives 
a direct method for finding the term of the loan when it has been 
solved for The derivation of the formula is as follows: 

F = 123i 037 ^^ 2 ) “ hence the appropriate form for the 

formula is 

^ [vn-6] 

Appl 3 ring this formula to the problem just solved we may get 
a shorter second solution : 

= fll 2^.005 — $100 

Looking this value up in Table IV under the column headed 
i per cent we find that for n = 139, ansi.oos = 100.0121, hence 
the time is 139 months or 11 years, 7 months, accurate to much 
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BUILDING AND LOAN ASSOCIATIONS 


4. You have doubtless been impressed already by the fact that the direct- 
reduction type of mortgage is very much more understandable than the other, 
which we might call the sinking-fund type, since interest on the face is paid 
until the date of settlement. Could you not simplify the form dt esidanation 
of this latter tyi)e so that it would be much more easily understood? 'Dy it 
and submit your verbal statement. 

5. A modification of the direct-reduction mortgage was used at one time 
by Sears Roebuck and Company in financing their “ ready-built” houses. By 
tbic pinn the monthly payment on a loan of $4000, say, was to be ^0 plus the 
interest at 6 per cent on the outstanding book value at the end each month, 
the $20 being applied directly to reduce the book value of the loan. What is the 
first month’s payment? How much is it reduced each month? What is the 
term of the loan? What is the final payment? What effective rate is the 

IxHTower paying? An*, (a) $40, (b) 10 cents, (c) 200 months, 

(d) $20.10, (e) .06167 

MISCELLAlTEOnS EXERCISES 

1. A certain building and loan association was forced by the depresson to 

reduce its dividend rate to investors to 3 per cent paid soniaimually. Its 
shares were matured to $200 by monthly-in-advance paymfmts of $1 and these 
dividends. In what length <rf time and by what final payment, if any, were 
these shares matured? Ans. 13 years, 6 mouthy and 36 cents 

2. The building and loan association in Ex. 1 operated upon a n ominal 

spread of 1 per cent. This actually means that it charges borrowers nominally 
4 per cent interest which is paid monthly in advance along with the montiify 
dues dt $1 per share. Find the actti^ effective interest rate paid by the 
borrower in this association. Ans. 4.758 per cent 

3. What is the actual effective “spread” between the investor’s and the 

borrower’s rate in the above association? Ans. 1.8&4 i»r cent 

4. Were interest rates to investor and bOTTOwer to remain fi^ 

at any predetermined values subject only to the condition tiiat the borrow® 
rate is the larger, what effect upon the borrower’s real effective rate would an 
increase In the monthly dues make? Carry Urn process to its logical con- 
chiaon and then explain why such associations are ev® a help to the borrow®. 

5. In explaining to the investor how his dividend is computed tire loan 
offic® states that the first mtmth’s dues, $1, is in use by tire association f« 
6 months, the second for 5 months and so on, until the last which is in use onty 

1 month Hence the association has the use of the equivalent of $1 for 6 -h 5 + 

1 ^ _ e.50 for 6 mooth, to .dditUto to the 

dl previously paid dues for the ton 6 toontlto. The sum ef thto^ 

items nlus the accumulations from compoundings re tire prmcipal on ^cn 
they compute dividends. All this is true but comidicated. It Wd, how- 
evCT serve well anoth® purpose. During tiie time that one rf shar® 

tak® to mature, a surplus of some sixe accumulates in the han^ (rf the assoa- 

ation. This surplus really belongs to the share ow^ ai^ 

the maturing share owners. Assuming all the data and results <rf the ^ 
three problems of this set, see if you can work out, on the basis of tire relative 
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use-value of the several series in the hands of the a« 5 «)oiation, a jvust amount to 
be allotted to each maturing share. Assume 100 shares in each wnes an. 
that shares mature in 12 years. An,. .07376 pe r cent of sun.lus par sinar. s 

6 If a building and loan association requiring $1 per month dues jiaja ile 
in advance matures shares to *200 each in exactly 12 years, what is the a- mi- 
annuallv compounded rate of interest paid by the jLssonatioii to its invi-stonj. 

7. If the association described in Ex. 6 has an average of 1 2(X) shar<^^ jtcr 

series including both investors’ and borrowers’ Bhangs, all earning income f<.r 
the association on a 1 per cent interest-rate spread, how much undividid 
“profit” per year is the association making? Ans. $‘2»,S9y.i»l 

8. A building and loan association had been operating on the sinking-futn 

or pseudo-cooperative plan paying investors 5 jicr cent in semiannual jiustall- 

ments and operating on a nominal 1 per cent spread. They finall\' decided. to 

take out a federal charter and write direct -reduct ion mortgages at 6 |k r cent 

nominal, paid at the ends of months. What effect did thU have on the effect ivc 

rate of income earned if investor’s rate remains unchangeiJ? 

Ans. Increased by .761 per cent 



CHAPTER Vm 


CHOICE— THE FOUNDATIONS OF PROBABIUTT 

life annuities and life insurance both depend upon probability ; 
in the one case, that of being alive and in the other of being dead. 
It is therefore necessary to study the fundamentals of probability 
at this point. 

Probability in turn depends upon the number of ways in which a 
definite number of objects can be chosen from a group of objects. 
H^ce it is necessary to study first of all the question of how objects 

may be chosen. 

§34. Choice or Permutations and Comhinatioi^. When a 
question is asked which involves the number of ways in which a 
group of objects can be chosen or arranged, two possibifities arise; 
(1) either every order in which any particular group of objects 
may be chosen or arranged shall count as a different way of choos- 
ing or (2) only one order or choice of any particular group shall be 
coimted and ^11 other orders, as long as they contain exactly the 
same objects, shall be considered to be duplicate of this order and 
therefore not counted. In the first of these case s each of the ways 
of choosng is called a jtcrmtUoiwn and in the second it is called a 

combination. 

"Wb may formally define a pcrmviatton as a group of objects 
chosen or arranged in a defimte order. It is evident that any 
change in any one or more of the objects or any c hang e in the 
order of the objects would in either case result in a new permuta- 
tion and so count as a different way of choosing. 

We may define a combination as a defimte group of objects 

regardless of the order in which they were chosen or arranged. 
It is therefore evident that no change in the order that left all the 
objects of the group unchanged could be county as a different 
combination, but the replacement of even one object of the group 
by a new one would produce a different 'way of choosing whenever 

the choosing was to be done by combination. 

Since it is always necessary to dioose objects in some one order 
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CHOICE— THE FOUNDATIONS OF PROBABILITY 


renmiiiing foiir in second place, any one of the remaining three in 
third place, any one of the remaining two in fourth place, and the 
last one in the fifth place. Hence all five can be placed in: 


5Ps = 5X4X3X2X1 








permutations 


Suppose they had been taken three at a time; in how many 
ers could they be placed? The same reasoning would be 
but onlv three factors would be used. Hence: 


5 F 3 = 5 X 4 X 3 


permutations 


The method used in these problems can be put into a general 
statement: Fundamental Principle. If a thing can he done in 
m ways and if after it has been done in one of these ways another can 
he done in n toays, then the two can he done together in that order in 

This prindple can be extended to finding the number 


mn ways 


three 


In many cases the nature of the problem is such that the “ways 
af cbr> r>aing ” must be by combinations. For ^mple, if you are 
asked how many different committees of three can be chosen from 
four persons, a moment’s thought will convince you that the 
order in which the committee is chos^ or arranged has no ^ect 
upon the number of committees. It will be ihe same committee 
as long as it has the same individuals on it regardless of the order 
in which they are chosen. Each different ©*oup of three mi^ be 
counted only once. But if the number of permutations of four 
things taken three at a time is computed each different g«>up 
threfis counted as 3P3 = 3 X 2 X 1 = 6, whUe the total number 
of permutations of four things taken three at a tme is 
^ = 4 X 3 X 2 = 24. But only one out of every sa of these 

is a different combination since eadi combii^tion has ^ diffe^t 
permutations. Hence the number of combinations of four tbm^ 

taken three at a time is. 


4C'; 


4 P 3 24 


3P3 


6 


4 


The first part of this formula ^ as the 

computing the number of combinations of n objects taken 


time 


iPr 


rPr 


B 


n 


r X 



[Vin-4] 








140 


CHOICE— THE FOUNDATIONS OF PROBABILITY 


different groups, and the general principle enables one to compute 
the total number of ways of choosing objects from two or more 
independent groups. 

Since the chooang from one group ma5’ be by combination and 
that from the other by permutations, or both by combinations or 
both by permutations, and in addition to this there may or may 
not be permutations between the two groups, several cases may 

arise. 

Case I. When the chooang from both of the two groups is by 


unrestricted combinations. 

IixusTRATioN. The first nine letters of the alphabet contain 
three vowels and six consonants. How many different groups of 
letters containing two vowels and three consonants can be chosen 
from the first nine letters of the alphabet ? The number of choices 


^ 3X2 

of two vowels out of a group of three is 3C2 = 2x1 
number of choices of three consonants out of a group 


= 3. The 
of six is 


^ 6X5X4 ^ 20 Hence the total number of different 
3X2X1 

groups that can be made up from these nine letters to contain 

three consonants and two vowels is 3 C 2 X ^Cs = 60. 

Case II. When the choosing from both groups is by unre- 


stricted |>ermutations. v j ^ 

ILLUSTRATION. Suppose that after the above letters had been 

chosen they had been arranged in all possible orders, how many 
possible orders were there? This is a problem in unrestricted per- 
mutations and the number would be found by pemutmg one 
group and multipljTng by the number of groups as found m the 

first case. Total number is. 

fi Pa X 3P2 X 5 P 5 

6 C 3 X zC2 X 5P5 3 P 3 X 2 P 2 

(6 X 5 X 4)(3 X 2)(5 X4X3X2Xl) 

"" (3 X 2 X 1)(2 X 1) 

= 20 X 3 X 120 = 7200 


Case III. IMien the choosing of each group is by unrestricted 
permutations but the members of one group are not to be per- 
muted with those of the other. 
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sonants by pennutations and after so diosen and put 

together no further arrang^^it of them is made. Hence Ihe 
answer is 3 C 2 X “ 3 X 120 = 360. 

Case YI. When the members of one group, say the first groiqi, 
are not permuted among thranselves but those of the second group 
are permuted both among: themselves and with those of the first 
group in so far as such permutation preserves the order of the 
members of the first group. 

Illustration. Given the same letters firom which to choose 
and the samp, sized groups to be chosen, how many words can be 
made of all collections of the five letters so Iod® as the vowels occur 
in their natural alphabetical order? It is evidrait that the vowels 
must first be diosen by combinations and the consonants 
permutations and then the product so formed will need to he 
multiplied by the number of ways we can combine five places 
two at a tame, or five places three at a time. Hence the total 
number of words is 3 C 2 X ^Ps X 5^2 3 C 2 X cPs X sCa “ 

3 X 120 X 10 == 3600. 

For two groups this shows the various posahilities and the 
gamp reasoning applies to three or more groups. These iUusti^ 
tions show to a certain eartent the necessity for careful analy^ 
of the particular problem proposed for solution. 

The most important application of “ dioice” is in the subject 

of probability, which is taken up in Chapter FK. 



1 Rnd the nuni«rieal values the fdlowing: sCs X aUs, 3P1 X 4C1 X iCb 
4P8 X ftPi X jPa; sP4 X *P* X sCs X 4P0 and»Po X eCo X using ah avail- 
able results fiton Ex. 1 on page 139. 

2. Express the following in the form <rf a verbal problem, uang y ^ 

mups of objecte about which you can devise ptoUeim (try to be as 
r^teresttog as possible) : (a) jP* X 4^*, (b) sC, X 4P3 X sC* (c) bC* X «Pi, 

of 1® Poopfe ^ toastmaster sits at theh^ 

table with the guest of honor at his right. O*® ‘3: 

mittee oi arrangements. In how twelve vac^^to. In 

4. A baseball nine enters a bus in which there are twelve vacant seats, m 

how many ways can they be seated? _ 

5. From a group of ten juniorB and eight seniois a oomimttee ^ 

sisting of three from each class is to ^ 

oommittee be 


many different committees can be chosen? 
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CHAPTER rX 


§f 

PROBASniTY — OHE OF THE FOUHDATIONS OF LIFE 

AnNorriES and life insurance 

§ 35. Fundamentals. Probability used to be called “ chance ” 
and it stiH suffers scare upon its reputation from the evil assodation 
of its name with “ games of chance.” In point of fact probability 
is a science, a thorou^ knowledgp of which would cure even th» 
most confirmed gambler of his delusimi that he can “ break the 
bank at Monte Carlo.” 

The probabUity that an event can happen or succeed is defined 
as the quotient of the number of ways in which it can happen or 
succeed divided by the sum of the total number of ways in which 
it can happen or succeed plus the total number of ways in wMch 
it can fail to happen or succeed. Symbolically, 


P 


s + u 


PX-l] 


an equation in whidi p represents the probability fraction, s the 
num^r of successful choices and u the number of unsuccessful 

It becomes evident at once that dioice finds here mi 
application directly in finding both numerator and denominator 
of tiie probabilily fraction. The statement of eadh problem will 
reveal, if cmrefuUy analyzed, which of the two methods of choice, 
permutations or combinations, is applicable in that problem. It is 
evident that when and only when all of the ways of choice become 
successful does this fraction of IX*! become integral, and then 
shows certainly, the probability of all posdbilities. 

H, instead of using the theoretical approach indicated in the 
previous paragraph, we cause the happening of the event in ques- 
tion several times in sueoestion and record the number of successes 
and the total numbers of tries and, if we use the above equation, 
we caff the faction obtained the rdaHoe frequency of the success 

of tiie event. H the event is of such a kind that we can reason 
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out the values of s and u we shall find that the value of p, the 
probability, is not in general the same as the value of the relative 
frequency found by actual experiment. If, however, we conduct 
a sufficient number of experiments and examine the value of the 
relative frequency found from an ever-increasing number of 
experiments we shall discover that it steadily draws nearer to the 
value of p found by theory. By making the number of experiments 
sufficiently large we can make the experimental value of the 
relative frequency approach the theoretical probability as nearly 
as we may wish. 

Since relative frequency becomes probability for a lai^e number 
of repetitions in such cases as can be tested by theory, we have 
assumed that it will do the same in a great number of types of 
problems in which there can be no theoretical verification. life 
insurance is based upon the probability at each age that a person 
will live another year or a certain number of years and this may be 
determined by the relative frequency of death in each age group, 
as the aze of the group is made as large as possible. 

The expected number of occurrences of an event when n trials 
are made is the product of the probability of its happening multi- 
plied by n, the number of trials: 

0 = np 

In the same way the monetary value of a prize-wiiming is the 
product of the cash value of the prize multiplied by the probability 

of winning it: 

M = cp 



1. What is the probability 
it is a day in March, that it falls on 

day? 

2. An autoist comes to an 
certain town. What is the 




3. A date is chosen at random 
times how many Svmdays can be 

4. An article worth $10 is being 
50 cents each are sold. What is the 
nifig to a person holding one ticket? 

5. If it were equally probable 
bow many rainy 



sen at random is a Sunday, that 
of a month, that it is Christinas 

r corners.” He wishes to go to a 
will get there at the first try? 

. When this has been done 546 
to be among the number diosen? 
off. One himdred tickets selling for 

monetary value of the expectation of win- 

Ata. 10 cts. 

that tomorrow be fair as that it he rainy, 
per year? 
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6. Out of 1000 cars passing a certam traffic counter S86 were Fords* Can 

you predict how many of the next 40 cars will be Fords? Arts. 23 or 24 

7. What is the probability that a certaio player, Jones, will head the bat- 
ting list of tile baseball team to which he belongs? 

g. Ten spellers, all winners of all previous contests in which they had par- 
ticipated, were to enter as competitors in a final contest- What chance has a 
predetennined one of them to win? 

9. A certain club bna 40 members of whom 28 are whist players. The 
three earliest arrivals one evening decided on a game of whist and awaited the 

arrival of a fourth. What is the probability that he was a whist player? 

Ans. 

10. One complete alphabet, each letter on a little square card, was put in a 
box and letters drawn one at a time. The first letter drawn was a 6. What was 
the probability of this event? The second was a g. What was the probability 
of tbiH event if the first was retained? Only by drawing a vowel for the third 
letter could a three-letter word be made. What was the probability of drawing 
avowel? Of making a three-letter word? 


§36. Con^und Probabilily. But the player who tries to 
break the bank at Monte Carlo never expects to do it at a single 
play and so, unfortunately, does not content himself with one 
attempt. As his number of plays increases his probability problem 
grows more and more complex. 

When the probability to be computed is that of the occurrence 
or success of a single simple event there is no chance of going wrong, 
Eonce both numerator and denominator of the probability fraction 
win be the simple permutations or combinations that comprise 
the successful and the total choices or ways in which the event can 
occur. When the event under consideration is comprised of two 
or more single events which mi^t possibly occur together or in 

succession, three types of situations arise which require separate 
consideration. 

Independent Events, Two or more events are independent if 
the occurrence of any one of them at any trial does not affect the 
probability of occurrence of the others. 

For example, if the probability that a person 49 years old will 
live a year is .7 and you have three friends all of age 49, the proba^ 
bility of living for any one of them is evidently independent of 
that of the others. We may show that the probability that all 
three will live a year is the product of .7 X .7 X .7 = .343. 

Gener<d Proof. Let mi, ni, and ri be the respective number 
of ways in which three independent events can succeed and let 
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LIFE INSURANCE 


to now, 
formula 



results 



used 


For this paxpoae 
each case ^ving: 


•Ain 


c. 1 c 


D 



C 


D 


up to 



Each is dated at the be^nning of the year of its coverage, 
bring these dated values to now, age r + t, each must be multip] 
by the proper survivorship>interest factor, the first (1 -|- 
the second by (1 + OL+i and so on to the last, whidi is multip 
by 1 only. This gives, ujion summii^ these results: 


llVt 


Cx "f" ^x+l “1“ “1“ * * * ”l~ ^x+t Afj 


D 


D 






a quantity whidi has already been defined in § 47 and worked out 
in equation XI* 18. 

A moment’s thou^t and reference to § 45 will convince one 
that the present value at hg/d x-{-t of tiie protection benefits of the 
full-life insurance from that age onward is Ax+t> Hence the total 
present value at age x + 1 of both pa;^ and future benefits of a 
full-life insurance of $1 is seen to be ^ + A^+t- 

Turning now to the cost to the insured of these b^efits it k 
evident that, at age t Xj he has already paid a temporal li^ 
annuity due <rf smniial rrant equal to the net anniml premium of tiie 
$1 full-life insurance, or Pin and the present value at age x + f Is 
PI Sail (1 -H t)in whidi may be written more bnefly as 

is seen in equation X- 22. Moreover he still has to pay a fidl*®# 

annuity due as of this date and oi rent P,, the present value ^ 
whidi would therefore be Pxax+t- Hence the total cost «f ox 
present value of the cost of the fuU-fife insurance of $1 is the sqm 

of these two like*dated annuities: 

P* “1” P*®aF+< 

But equation XI*21 tells us that the value of the bmefits equds 
the cost of any insurance policy, induffing a $1 policy, 
we get: 



P* *U!» + P*a*+i = 


Ca-M 


I 


• stud^it note caiduUy that white iUx aod ihx wmy' wi tit '..j 

only, P, A and a depend upon the type of insoianoe and annuity invoiwA , ; 
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The initial reserve of a ^ven policy is the reserve at the be gnning 
of a policy year just after the premium has been paid. Sence the 
ini tia.] reserve of the tth policy year is the terminal reserve of the 
t ^ 1 year plus the premium (net) paid at the be^nning the 
ith year. 

The mean reserve is the average between the initial and the 
terminal reserves of any given policy year. State departments 
require insurance companies to IBle at the end of each calendar year 
a report showing among other things their total reserves on aU 
polides outstanding. In preparing this statement all policies 
issued during the calendar year are assumed to have been issued on 
July 1, whidi would make the policy year be^ on July 1. The 
reserves on January 1 would therefore be the mean reserves erf the 


policy year. 

The net amount of risk for a ^ven policy in the fib year is the 
difference between the face of the policy and the terminal reserve 
for that year. Per $1 of policy it would be 1 — fV». 

The surrender values when one widies for any reason to dis- 
continue insurance are the values of the options by which he 
may discontinue his insurance. There are usually thiree options 
among which one may choose when he surrenders his policy: 

1. Cash surrender value y an amount payable immediately upon 


surrender of the Policy; or 

2. Paid-up insurance, which consists of a fully xiaad-up p< 
for a smaller amount but otherwise like the ori^nal policy, o 

3. Extended insurance, a fully psdd-^p policy for the ori| 

amount but for a temporary period. 

Usually when the insured makes no option the third goes 


effect automatically. 

The c ash surrender value is found by making a deduction 
the surrender charge from the terminal re»rve. State 
laws provide the wa-rirmim surrender diarge «ud it is usualhr 
$25 per $1000. The charge is usually made to decrease as Ac 
age of the policy increases until it finafly discontinues entirely after 

a period which varies from 5 to 20 years. ^ 

The paid-up insurance is for a face value which Ae cash sur- 
render value would purchase upon Ae ori*^ terms of the 

The term of Ae extended term insurance is so determmed t^ 
Ae present value of Ae term insurance equals Ae cash surrender 

value of the ori^nal policy. 
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1. By turning the two e<iuations XI •23 and XI *24 into commutation 
symbols and performing the appropriate algebraic transformations, reduce 
them to identical forms and in this way prove that they are really two ways of 
^TiHing the same value, the terminal reserve at the end of any year, 

2. Show that the only change needed in the retrospective formula, XI *23, 

to make it applicable to term insurance or endowment insurance is in the fac- 
tor representing the net annual payment. Write the form needed to compute 
the terminal reserve for term insurance and that for endowment insurance, 
gymboliring the first by gVl^ and the second by When the premium 

payments are limited to a shorter term, r, than the coverage, n, this fact is 
symbolized by writing these symbols urVliA and gcrVa^ respectively. 

3. Make the changes that you consider necessary in the prospective equa- 

tion, XI *24, to make it applicable to these same two types of insurance and 
then prove your results by first turning them over into commutation symbols 
and then into the following forms: gVhi = ^ 

4. Find the terminal reserve or the net level reserve of the third year by 
both the retrospective and the prospective methods of the policy treated in 
Ex. 1 on page 188. Be sure that you use the proper form of the terminal- 
reserve equation to be applicable to the type of insurance of the problem under 
consideration. 


MISCELLANEOUS EXERCISES 


1. Find by both the retrospective and the prospective methods the ter- 

minal reserve of the fifth policy year of a full-life insurance of 91 coverage 
taken out at age 30 (see page 193). Ans. .050575 

2. In order to study the way the terminal reserve builds up in the case of 

a full-life insurance find the terminal reserve at 15-year intervals on a 910,000 
policy taken out at age 30. Use the two methods in alternation and cany the 
computations throu^ to the end of the table and put your results into tabular 
form for reference. Ans. (a) 91794.74; (c) 96990.50 

3. If the policy in Ex. 2 had been a 20-preiiiium 20-year term insurance 
instead of a full life, what difTerence would it have made in the terminal 
reserves? Tabulate idmn for 5-year intervals. 


Ana. (5) 9104.15; (c) 9101.17 

4. If the policy in Ex. 3 were again changed, this time to a 20-year endow*^ 
ment policy, find and tabulate the terminal reserves for 5-year intervals. 

Ana. (a) 91778.08 


5. In addition to the retrospective method given by equation XI -23 there 
is another which builds the reserve of any policy year from the one immediately 
before it. Expressed verbally, the method consists of accumulating the ter- 
minal reserve of the previous year for one year, adding the total number of net 
annual premiums and subtracting the value of the death claims of the current 
year. Put this verbal formula for t^iV^ into literal form and see what you eiLii 
do towards simplif 3 ing the result. This formula, in its simplest form, is known 
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as Fodder^ s Accumulation Formula. His form of it is t+iF, = + P ) 

6. Prove that Mx — vNx — Nx^\. 

7. Prove that tV x “ (Px+« — Px)a* 4 -|. 

8. Prove that Ax = P* divided by P, — d. 

9. Prove that Ax == vskx — 

10. Prove that Ax = 1 — das. 

11. If the insured in Ex. 3 had wished to pay up his policy by paying 10 

annual premiums instead of 20, what would be the value of the net authih ] 
premium? Ans. $154.51 

12. Work out the terminal reserves for 5-year intervals and tabulate them 

in the limited-payment term insurance of Ex. 11. Ans. $878.72 

13. Find the terminal reserve of the twentieth year on a 20-payment life 

policy for $1000 issued at age 25. Note and accoimt for the fact that it equals 
the net single premium at age 45. Ans. $456 

14. Find the terminal reserve of the twentieth policy year on 20-year term 

insurance for $1000 issued at age 25. Ans. $0.0448 

15. Find the fifth-year terminal reserve on a 10-year term policy for $1000 

issued at age 22. Ans. 82 cents 

16. What is the net single premium at age 35 for a whole-life insurance in 

which the beneficiary receives $1000 at the death of the x)olicyholder and $1000 
per year for the next 9 years. Ans. $3189.69 

17. R^^ntly insurance has been combined with an annuity contract as well 
as a pure endowment. Find the net sin^e premium and the net annual 
premium that must be paid for 25 years by a man aged 40 to provide for the 
following benefits: (a) a $5000 pure endowment to be paid at age 65; (b) a 
$5000 20-payment fulWife insurance and (c) a life mmuity of $1000 annually 
to begin payment on the insured’s sixty-fifth birthday. 

Ans. Net annual = $329.15 


































































^ J3a=F:=§r 































liisi 








T 





























































il^ Him 






-. r . ■■ :; 


:E ^ ^ 











: r ---1 
■- -s 




-_- _ b : i ._.| 




i=^f jgiM; #Mli; ii 


_=-.^ 
■> ^- r : 




■- "4 ‘ 


¥Im 

S 








f ^ I 


~= 

;! -- 
4 
















I 


_ -^r ± 






1 

■ If -- 

i 




-'^ J = ]:“ 




^;- i : ^;— _ i 


f iii^^iFl^ I 


“ H : rs- .:^Ehr-^i:-~^ 
















3 ^/ 






^ _-"-_^ r„-£;=i 








— ^; r .■■!;^ - -— z i : 






-:■ “ ^ 








=--^ Vi -"^- - 




:?^Sl ^ I'r^'^ZZ. 




IK 


-i 

I 


















r 


- =- - E= 


-_-= i : 


i :] 

: E £ 





- -- ^ 


z ; i - 


■ “! 3 =- 












J--Z. 2 

- iT'ir 


I 

=^:: 




^ ■ - i - =--^ i=r 


~i -Kh ■=-=- ..^- z - 


z '-=3 




.- ^-_“- 


— - : - = p 


J --^Z 7 ?l 




















.=^-“ -- z =£ ;= 

















-E -’-'^ -E 



^3: -;!£ 





= E - -E 




fcWi 1 W^jii^ilOT 



Ikiiiiilrtll lylSMiil^ifiilJKEk iMrirtifcC 








^ =11 
^fE 


::= =- 








I 


^s^=:jSsS r Jt f 


1=1 =f ^f--l.zf .,ilS'T?i;=z#JE 4Wi 


zz, e - e :^' e-i 
































4|pg||i Ipig 





!:» - 































: 





F 

r 

p 


t- 

E 






















































:: 




















if® 

g-SS 

in 









iiii 

H 



MM 
















f 5^' Slpi^ SiiS 

|;ji:-Jg;|ll JipJ 

13 Sslil Sp 






1: - 













































































































































J - ijluiilTj ^ssssssss; V~...V~.:i =s= zzzzzzzzzzzzzzzz =s =s zszi "i:z:izzzz:zz:zz:z= =s==zii-.== ^^z::z:^z^^^:===z= = = == z=== ==^^^iniiitiiit-t^^^AIii^^ r-ssss—ss-sss siKSssssss^jaasSJSsassssssssssSiiaajjjiiijiijjji i; ::;;: 








T======^^i^^;n::— V":-;-:""":— ■: ""v:;:;;;;--:;!?;™:^M?-rgy5f::;;itig5^g^«;;;;===== = ===M m ;m g======= = ===,^,- ^ ^ — 




































































^-- 




























r -J:^7“r^ “-^:7 





















~ jyyt# Jai feJf 


























































^ liMSSliWffil i 



















^ 








































BMilJ 


_,;^S 


;;ii;iii!; 




iiM 








liSl: 


nilMSSt MiHlldlMI}^;* 













» H - 





I i 




.1'- 


-il. iS"„ 






f irt. €fWir^ ^ii: 











y§ii: ;:-®= 


WR 


z=tei?iiS^i ililp wij 




s 






ie;Bi:#Si;;l;;Pii 


if WW 










..:i- 




: _-i. TIT ..":-" . 


^ E M irrn; 




ill yisi 




IS w 


_. .=L_ 


:- 


3F=' - " 




r 






— ;“ 






- :- - — 








E| iiPl i ^ 








If 

U: : 




H rM 








J=jsrr= s ..; 


I 




^4t ^filW 


EiE^-^ s; 




■ f: 


sili^ !; 


V:i! E— 




» 


— f 




_--i-Jii:E5 




Pi 

ii 


3 -: 


= =ieri~-r 4:^i;Ei=:L5;rSiFE^ErE.. -!:ESK^ _ :_ ~~!i; __-- s .z:^ z:-—:^ hr-.: - ~:hhs^^ I - E=^ir= ”3 




E:M“€E?fc: E:3rr*s%E 




f -^|E1 fossil 




e:#ev.-= 


mM 

m 




E EEc^^ s; 



iCeKm 






:=Pz5:>:p^' 


M 




E::E.^^lE^ =Ei;!>^=E: E E^ 


|e 


" j"-~ ^ 


ES?S3-_=&s=ESfi;^S:2: 

ePe&Ps; i'^rri 


SMI 
& 


■mP^^kR yniis:- if 







e^isyai 

iJ JE3=£i 

Pii 






=E E 




“zPSFJe. 




E E^ 




E E 

=eL^4^ E - 

i ^ 




=- - 


E E= " “ e^EF-TI^'”' 


IjHfcSgeE 


ESfJi: 








-r3d5!?=i 

sm 






™5?i. Dir ^ 








^43: 








^wSI i !^ 














== = 


“ “T.^ 










liM- 

HkPI: 




M’ 


= =* 

?Er 




E-E; = r.n*,dEsr “- JL~-fi-ES_ti,- _-iKj«Sis£ 


:=;-■ .— =_ ;£ = E 




; 7511 

EE = fE£iS§:-£-J-I 


E;::--3';SEfe-l-3=_ E'H “ --=7=1”=“ ■=-L-"— ■■=- 






ffcaa lEi M ill 










“-^i- 




EPS atBdPtf Eii ^7 










|Wg|||g^f: |! 

IHSf 


giS^7;;;?fK=ay^ 111=^1, 




=:M p ffSjf : ISSii f|i 









































■ — 


JOS'iPil lllifci 

^.i^iss z mmrn 

asfp pssZ «;sailflFi i 

^ilpp 




- ^ il« 

p=il= i? 











































































































*IIIaJa«Klll® 



























































_■ Z"'^^ :=-^i^T^’7r^ z-z^7T■^^ .■• -T--' 


M 

I 








-E-- 





.^- - - - z 













I 


4 









-■ = 


"=?■ 

4 


f 




-§- 


:r- E zz^ 





k 









-4- .. 



=E_ 




IS 

zS- 


i ^ _ » »^ii!ii 


:;-v -9r - - 














-.*£■ — — — 









■'-=.- -S: 


SlWf 

i;ill|ip 












“h;“.;^;i=:U7i^zZ7-- = _ :=1. -Er. 
















■ii‘- „ 


f^u 

- _r -7^.- 





m^ 4 15 _= II =:^a :i iii = / 1 j; nMMM^^Mmkw^u : 







^ E i ^ EE g;:^S:3=E 










T?7 











4 

‘iis 
H 
i4*i 







■ “- ” - 





■zv"-:;- 


= :™:€^l:n:i^z^iE5y E= e= i=E 




E d ^ E ^ ^ - iE E^ 


eIet- 
^ -if J 


-EE %E-F 


Mi_ 
















E.^ 

EIIe^ E llfE^ — 
EJE^E-^^ :"E- 





?“ ■".. if 








.#||>EE&s* E-rErb-zz iji: b* E Jasir“E=P -Jib;“is;b_bl- = n5^?«4#!: -SirE 


.:::zzi==7 




:= :EE^-:r.- ^ -’-.-= -E^“ -E-E:; — E = E 










~ Jr^ Ei — = E~ Eif i^-=y- - ■=' ^-•^-p~3iE- Er^j^E== E ~ “_::i.E:_i 




z4l 





Elfeki 


iglEH- H b =1 r 


iij||r, 5 » 



;m^. 


!:ii'=rW!-”i- 

;^m 


”E E" :E^z 


- ES 










4 

a 

a 

a 


:^-l!i 


4® 

ffl 


:Tii"zi-E: 









I ill b 




Z = 


•^M. 


-m: 


W^72 


ifiiiii 

1} Ijy ip 

"} JiU A 


sSg 




I®. 


li 

3 




—^■4* -i;?- !;?;; 





4! 



E"^ 

El 

a 



=;gz.. 











































ii I 













iift 1; 


# 



4!^ 

# 















i 


3 








3 













fiiSSSSItSlS iiSiSilffi 


IH5S1 ffl ilS J iSlIlSit^ 


= :p=~- 


teWljLS n 

























































:! ^ ^ .— 

- 

=:-{; = ,:'J S^:=>^ rJ h~: = Jft:1K[= ^..hi: 


;^i_ 

E « 



" ' - - ' -~^- - “ ■ 12-- z^' — 


E E^LE ._.-= =^ iK -- E E E E! ET: : 

"j— _ ” _-r -i-^ :i>^z^__ __ 

-”i^ -“ E E^'-ErT"^. ™ 

\ — "=--i7? — T^-*.™-.— ».- -^ 

eIEO!!. W i^lil!??l 

EE^^-EiiEEEi|-^-”^= : 













E^ -E'E^ lEIE :E lEE: 

f -^^-“ EEE^t-^jE: -E- ;;. --E 

;^E = -E==E.^. E — ~^"i.e]E- =^ --,E ~ ^ #E :E- :£EE 

::E“-E^E- E- “E;;.— E - =" ^ ---EiEiE- E5 



;■ Ml 1-™' HNfr _M-:i -=r 1: = ^■=ik-~i=-sr= ■ M ^ "M 1= 














































































































-V- 











































lj£j3;|r=P ^jklS 



V|. 





















































WfeMi? Ill slM 



Cfr^qaita 

I,”” fSSi f^ur -:^=^:is;::: 















I 'SssfiiijiiiHfflfctw 






-=^. L..Jj 1 1^1 





































I^: 






^ L>^ ^ 












:^?^_ -^- 











-T!” -o: 


















?-3i^ =£lsjl9l: 
























































— E __ z - :zzzz^:.^:zzzzzzzz______ 


















































=r=-- 


















-r- =- 


_ - :r . 



3^r ^ 


% &ffl 3l^£ M0% ^ 








-=rT'j;:..- 3^- 









■^i ^ -|:“ -“_t:^<_Ji^ J 



:r-- ^3=7 















i;, fp S? nfe- 










i 






:7 -M: 












-^L E- -f- 










^■i: 




i . - ” %S-=W - ^ : j§ 








%:MrWMj&^ ^g5 

■?- -J:.'^“='i^= ":ii ”": £z?^'I~ 3- 


:^ = 3^ V 






- ~: 


= - - “ 




: -^ 3- - ■■ 3"—" 

J - 31? 

--^T^^}- ^-%:e ^ g 

.:^=_— z_r_ -L.1~“- 




|:|:L ^ Ji JSi3^: 


:i’M“ ^%’!|:: Eh 










RI- iBSr-^i?: -Jh i:«:= 




yEys---j“zJri-- ii -j^yns^gh 

f-l-3?4 ?-r^"-?ryz=l“E=-' 1 





€^;-5;-fc;--L»:-!:l = 




gChz 




is 5 Si^LiS-- l i -. ’"SrH ii- -3 '=-.-a:H? 


S ii^ M 

:.s^z~ ■5S-"S^i,-S.= ---E. j&s;- -iSL.'i. ■ 

&: .mm^ 







^ ^^=lt 

®I^S; Hp-S-'l 

i|^ 4j® 









riti 








feSgrJ&Hp 


s:^5 

.iC-_ -E 

:= :||!S 


tut- -- '^si "iSi-;;S^ is“: - riZHS?"-? Ji's 










-iT E- -SEf=:r= “ =i::^ P 


m Pfeifer 


A fif flos! ~Si 

. .... .^ _--^- ---..33' 




iaf * - t43::i::;# :>f Ska 


“ _ 3 - 3 ;^ 3=3 J“£ yji^LF' 


SL =fi H :t::is. ; ^ y^yniS 5.SSs h sHi "If «;1 H ; A;rsf 


f- i-: 




Sm 

fife 

IMl 

K^ 







EE - 











liE ^EfrfSi 


rs^r =;e .es ' 




|S|- E.ii^>L|f 4 e# 34j: 

'Sisi rZesiS ?E Eii' -E :~S=3^;;;p “SLZ v 



HlE 


Qir= 


B: 


if 3ia 

S; .-s,- "TyeE 

r-e -S':-H3S^=sial!:-”=ifl^ T-!:?^ 


-r 3-f 

-5:-- -iT-Ei 


k %XSM 






S3 f:^ PPEriSjsfHl; 




it 


it 

















MSi- 

Jii fS# 







_^.- 
















f5? 
























































mr^£ ~ gnz ^ jjj^ ^ - I -Sri 

"PiEir 41 Ar TM^. 


ilSn ^ Tii 









.1^1 :Er:_::H:E^F _^-i - ^ 








r- --i-" ■^■3--“- -£- ^E-r.---: 












V 




- f 1:13. if*£ 



-Fr. £:n 







SE Bi.F,;:l!:“_-F it“ ^l.f ■-£ 11:L:^.15 

MM: M^= 






:g-=r 





;"z 





^ _ - ., "ii- f^-i ~~ F ^ - 


3£ 



*1 .f« 



a 


ii=^3| 

s- ^:=~ ” E ^ S ;;. 3 




3;3.- -- 




-l|fc|M^=tifc P®4li^ Mifc 





























“_r-' 


itS-'-J 















lijSiF #i|E%|- tiilii^ 




ftW: 4"®^ ir 







.. ffllWIsft "iSifel' > ^q.1 Jil 


jW_ 



-.: :: ^ ^ -:r::":^“^T;““ 1=^4^ -^;= '=-'^ li rr=i:: 








3^-. ^r ifc 

Ir^~ rj1"S - 











r^f=“ .4^15.-=^ "^ i^_ 7=-34. 








tJ ift 





M 


l^--ri n ”r'r-^se_ 








^^7= = 










:f^i-- ■7=? 










i z. 


-^ .if;':: ~Jz -T--^: " -.7^:^ 





n- -^ti: 





















7 - J=:=.“7'__:=: 




"_f^ .1^1 “= ]!-■■ :^J“” ^!::L-^T“='i:r=iL ’= . ~ 



itisum 


Ml 







^\t=;onj=;. 














^ „.. ^.. . -Zir .i^ :i=z. 






























^ cTlif 

KliiTffiMW 




iisjrwSfeL- 


r| 3f^S!‘-y m p; 





SS# riffi-ir- 


i g^ ip 


ke; ==£ .-■ 



iW 


s^p: vrf^sOT ;-i EE'ii ^ ^Dy;!f dL 




=^r " — :ii,- ==:- =:i_-: “ - i::.:-^J^ -E± "ir dTS: ~ ^ E 

■ -r.--— - 

IfgS li^Ef Ki“tT~f IMsTr^M^ 

V- i5^' ^-=1=iT 



=^-~‘--- -: - -=-^ ^ — r-^r - ” ” -- " 7^~- - 

=--^ 

-^~ ^ ::=.3 ir :iir-^±r J rl 

7 =^t..^-h ::5 - 

Mr 

73i:i.£SM„ 

jJiil ifffi®! il^lE^illK^3ifl^ 


























laiitllsS =1^ 


ZAO^Z- 





li" --fnTr= 3- -ii 




“ j^-“ -:. jMi. i^L -:e 

;£^ i?plf 

h: 3= iE -”:i- ±= 3-1 


■' jiJiiiiJkK 




K2- ..,-sf i^'qf 


*-: 



|IJfe:li3i^i||S3ri^^ 

J#%i|;Z:al!;j=^.j3ii| ^ 



ii 

Of 

' “iCMl^i is ' 

r?:; :j;r . ”= 


^E: 

:^=-: 

t^:i: 










"-ifi 'O 

























= A ^ 




"i ~ ^ i'V:: 







Jf^IRsP^S 3 jtiAll 1^ 

^sSiSiiS® IMilSi 










ipHf f?|^-:®=l)i S:iS t 

;f ~ - ~= - - - ^ ^ 




If 3||§ 





iS®5iii=I Wms I M:yMll:E 









d #cWSS B^lBil =1 aJfi 


S i?= 4. J "Sf-Ss! 




5- 33^Vjf 






?+!v : 




i= =- " £3“ 3 







^ ^^-fsS J^U -fi-"~-^ ij? '~~ i -"! r ^ JSJ=^ --"f -=-- 3;— - ^ j“„33i' = 


iS : fj; % 3j^^S=gf Lf—SF -5 =aj^g|]r;ir £^J?i?'!i 


iJs'°lFrW3L-%"-“rfe-£ S? ■-5;?1r 

r^Jif' ul Ssgv ills c_'3i 

_£-i- 3f S? .>-tf#fS 

/VSjj^SSi:y i js £ 






L:;z .-^5^ir --4.- "-^ 4 






#■-. 

-i-= 


3^. _”j; z^-f £i?_?::i :^:. ~:=B^t -- ^:-42r2L 

;i5-:-^-“i:--:r ^z -^vz; ^ 




=£’5S-Jl-Tr=£j IZ “Z ^1=1^1 z^;f zli ='f%^ 'jpii-^'S-i Iff Z i; Zzz ii-m^-V^I-'^Z 3 HZ?? ^iZHTsS. l;1l Jy^i Mi 



®ifi.“Z 






%^Mk j "PMyi# i 4p:j|ii 


IEBmI Ji Wl - M: 


=K:1 




-5-- 

-| 

I- 




£. 


rf# 


_3_ 

■ “ '-^^^ '—- 1 . 1 ^ "_"3- 41 ? £e - 4 -B3' ■ ='] “4^^- I --i£3< "^■-: 4_ - -_: -:::” ^ -4 "I: ^ 


_ _ =i-^z_ b4! 4’Z 

i f 

'v^ B=^=gr^' 

“£z--z 4;3 .~f3 ^S^yJ:- 

--a:=:-X ^ 



-^b^.-.- ■'^^4: -^51 i£3z ik =' 

z z 




^“E- 


■4kr 




-^3^M 

'■=---r- -i-z^ E ^ % 

.iVZMvii 
Z!''3=-£a2S=itHi^=2!==l 


.y Mf «:=»: ZisiS 





^mW- 

MW}- 

s^M 

3ft ?== 

rti;- 


iifti==3=: 

Wiz^iii ^15# z^i|t 


iM ss-iSMMiZ-l = Mzj zj -gZ’: ^SE^if "Zi^ M’zi .-3Si:"? iM ■?? 


=zr z"^Eir:;^E"Ef!: = '“3 

r-MT--yf 34“*;'!’^ _-:?y 

k zE £zi^b-^ Z^iz^: E. b^. 


!^'^z"EftjTkj=i:^E4 E_b =! 

^ z#ll 




■4^' r: 






V£ zZE^z^ ^rO- ^ iZZ Z 3 ^Z “I T“kr S z^lT 


-z-— ”3 "-- .11“ '^E^--— -=- :^ -- - — - ■— --:i 









Z^J- 


i-k-z 


= S= z".HzE|' “zi "i:^ -3ir=I."'F ’”. z."HzEftf Ez - :rjBi“Er'3 


IS4^ 


-'j. :i;%::’J: zE. 

-z^'g ..r^ z'3ii:5;. 

Ate' kEp'vg 

E ;sL-“S =%f ::^ 
z'^k.^-"^ “^='3 li ==4' 








■” Z ^ Ef^--=?H£: :=r 


^ eI 

i^zk E 

^kiz£^kS Efer 

r-^'''EE-~E~^Tl:in^:=E Ez^: E 

^zi^ssj E y¥ -S?^s 

’-^ E JfE ^ 
zlf jS 

’Es35 EE?’:if*'^"--E ^3EE 









“"E- -"^3r'^“z-^^%“^. 

____ 

EVji3 


y E 4 J^i j € J¥ 4 f-4 M3 p k^c y e liM 4 l3i y 


zE |eE 


--.5:- z^- -E^':^—;r_z=z :l z z- z z^- “ zr-::z— z“ - -- 

M 4 444 ssI :#^3 i3 "s^lf M 3 iilij^ti; 






iZ iis -y iz J=i'yz?Sj:K Hi ? 



m 

Iff 



"s"Z"£- g'a!-"H-T isis ;[ i 

5r 

= zkE^- "i^E^zi^z 




b=E = - 




-.EEk-zE^^ E ^EE£r3 ^ 


ny iiM|E ^ y?iz^g®¥ 3 izPik 4 ^m 3 WiPz 3 


:.-l ^ J 4 E E Ei:EE:EEr 4 EE^-b 




EE^‘^4^-4-]i.:^-::^ =z ^'r~ EM 

V" ^ V E H z H^^~ Jz^ h: 

i?isES&stf Jf i4:-. J 




.,; z-~ -.- 




^ ^-^1: .if^-£? 


Ef ^MkMz^ 3mh3: 


33 ^ Ei'^kEj §i 3 A> 3 . fe zS i 
j- / 

z _ Z' zz 




ziziMM iiWizi 


M|i|tM|iE|iE|iiii4)T P OlM 4f 




" _ zf "- E-ErEr EEE "E: E^tz EE: zE^^EE "E E- E E -“ ^ E i^E E-LEETEE; Ezzz i zzKi^E^ ^ 



igar utef :$-=* 

_ „ .,_zE zE^^ z-tEk^^-.-MI _ ___.,. 

- =if-z -:a zi^E- 3 4 sr~zE_J‘-z'E5^z^r ._||i E'-'M i;H; -1^: ~- E 4 

%l4Eilg%fWi liE jiW t EM iilSf I 




If 


E zi.zEE=^ _ 

j 1 3 i t WE "4j«si|||WiiSiic H mlHII 


"5 

OT 



lir 45¥l 

E^EiEE-zF^Si?^:|EE^E iT-EE'E 
r"^ ^-EE't: jipE'E-HE^ zE 




PEI i/illzi]?ifr 1 1lMiMii4MEIii 


_5- ■■-~^==H 

L-. ¥:i^ 

;M&Htslll|lllilr i 




W 

if 


3 zzz:| sz iiiIS?i=?iiJSSSB§ E - '^z EEgji ^?^^45^ 4^ jT "??=* iiLz=lHSH?f4iHir?!=HS :ll -z ^^5g| gz^;p;zz 


aiil ISSlEEwItl 




;iz4 

y? 




ylf 

Sjl 

Mf 


-^-■^ ir^EE^ Ef Z^ Er 





ZmmW 























i =“ ^ ir ^3y.ii;iilliii ii s?=i^3iii:n~s S' 






i : — 
































































” " ““ •■■■■ 

hbm 

= i^“~ 


■ Z " 

i f ^ 











IF 

h-mw 





lirL 

fe- 


^1 









SfSf^_L^ 

i!Dii-jnr: 

liFsS^igk 


li ^ 1 |l - 

» E Sji- : 

lliiir£ 

f i JgiE:; 

In i frill ■ 


fi 



iOifiOi^ i^iiiiii^=iifiiiiH eIt iiiyi^inl^ 

Kfr s?.ggiE:^^E^^ iirO 

SiE jEiir'ilr j 






--" eTC-C 



'■■■I 

vr 

" j 


l«p%J» fiN 
- -il,|gg 




jjr^i ^ JN T e ? ’inp |=r|ig|p;^ S S jg pr §|^^ ^ 








Of 10 FI 











1-1- A=r 



030 
f 30 









































Lt =H=~ 



































































































f§gg|g|p|i^| 

Cy^lFrSigN? 


























































































> — — = = : r zzzzz==z==|T^==z=z=zz====zzzzr---— ^ a 





















2Z~±f=¥^===^ 













= 
























iL_r--.Lii.--ir -L-r^L 

fniifc: 




L ili#li|6ilrt 








■ = ^:=z^l .- - : 







ialii 


: ::r :=.r 


§i 





fisi itiii 

















‘4- 

ii* 


























iM gMaM t^iiiral 






























































































































iiHliil 










































HS|ifiif ioHilBtB^td^ltieoftpiMPf iEsliaeBestJJIllieort 


























